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PREFACE. 



In a Treatise intended for the purposes of Academical 
instruction it is of the first importance that the more elemen- 
tary propositions should be laid down, refer^ce being had 
only to the simplest and most obvious methods of investigation. 

The attainment of this object has in the following work 
been found in some degree incompatible with a strictly sdU 
«ntific arrangement of its parts. 

The discussion of the general equations of Equilibrium 
evidently forms the legitimate basis of a theory of Hydro- 
statics. This discussion involves however the consideration of 
a point in space referred to three rectangular co-ordinates, 
and is, in its most general form, by no means essential to 
a further progress in the subject: it has therefore been 
referred to the end of the work, and that particular case 
of it in which the accelerating force is gravity, considered 
alone. 

In the theory of the motion of Jluids^ a distinction has 
been made between the case in which the velocity of every 
particle is the same as it passes through the sanie point 
in space; and the more extended case of variable motion. 
Of the former a separate solution has been obtained; and 
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on the resulting formula the whole of the theory of Hydro^ 
dynamics has been made to depend. . The manner in which 
this part of the subject has been treated is believed to be 
altogether new. 

It is unnecessary here to enter further into the arrange- 
ment of the work. The reader is referred to a copious 
table of Contents which has been prefixed to it. 

In conclusion the Author has to acknowledge his im- 
portant obligations to his friend Mr. Challis, of Trinity 
College. He is indebted to that Gentleman for the Chapter 
(vii.) on the general Equations of the Motion of Fluids, and 
the Appendix (A) on the Oscillations of a cylindrical 
Column of Air. In the former of these papers, Mr. Challis 
has completely solved the general equation expressing the 
continuity of a moving fluid. 



West Monkton, near Taunton, 
March SO, 18S0. 
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CHAP. I. 

1. Fluids differ from solid bodies in the slighter ad- 
hesion of their parts, and the facility with which they are 
made to moye among one another. 

2. They are distinguished int6 incompressible or liquid, 
and elastic or aeriform. 

Incompressible ^uids may be made to assume ka infinite 
variety of different forms, biit retain always the same 
volume^ 

Elastic fluids vary at once in form and volume with any 
variation in the pressure they sustain, and return again to 
the same form and volume when the same circumstances of 
pressure are restored. 

3. Force impressed on a solid, is effective only in the 
direction in which it is impressed, and is sustained by equal 
force impressed in an opposite direction. Applied to a fluid, 
it is effective in every direction, and is only to be sustained 
by forces applied to every point in the surface of that fluid. 

A 



s 



4. Conceive ft vessel (Fig. 1.) to contain a fluid, ifl 
the whole of whose surface it is accurately in contact ; ai 
let such forces be applied to the fluid (by means of pistoi 
P and Q acting through apertures any where made in tl 
vessel), as may sustain one another and keep the wliole i 
rest- Now, an equilibrium being thus established, it is 
manifest and distinctive property of fluids, that such a fore 
may be taken as, applied to either of the pistons, will caus 
the other piston to ascend or require an additional force ti 
keep it at rest. In what are termed perfect fluids, anj 
force, however small, is sufficient tlius to disturb the equi 
librium: and in solids, no force, however great. Between 
these extremes, nature presents us with an infinite variety 
of bodies, which appear to approach more or less to a state 
of perfect fluidity, as they are more or less affected by 
that mutual attraction of their parts which is called cohesion, 
and is common to all material bodies. 

5. Since the same pressure is manifestly produced on 
either of the pistons, by the force applied to the other, as 
though it formed part of the containing vessel, it follows 
that such a force may be applied to one portion of the 
surface of a fluid (wholly enclosed by the containing vessel) 
as to produce a certain pressure in every other portion of 
that surface. Now, in perfect fluids, the pressure thus pro- 
duced on any portion of surface equal to that of the piston, 
is the same with the pressure on the piston itself. 

This property of the equal distribution of fluid pressure, 
may be proved directly by experiment, and thus proved, is 
coDunonly taken for the basis of the theory of Hydrostatics. 

It may, however, be deduced on mechanical principles, 
from the more evident and characteristic properties of fluids. 

6. Conceive the pistons P and Q to act through tubes 
to which they are accurately fitted : and suppose the system 
to be in equilibrium as above. Now, let the force P be 
applied to one of the pistons, and let P' be that force 
which must be similarly applied to the other, in order to 
maintain the equilibrium. 
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I Singe no change takes place in the system fron^ the 

I application of the forces P and P', and that no resist^ce 
is opposed to the mutual action of these forces upon one 
another, by the intervening tluid, (any the slightest pressure 
l)eing communicated from one piston to the other, by hy- 
pothesis,) it is clear that the equilibrium among the forces 
lint impresse<l upon it remains ; and, therefore, that P and 
' P" are themselves in equilibrium. 

The whole may, therefore, be considered as a machine, 
on which these forces sustain one another, and of which 
the distinguishing property is this, that whatever motion 
takes place in it, the fluid between the pistons will continue 
to occupy the same space. Let one of the pistons be slightly 
thrust down, then will the other be raised; and as much 
fluid as is displaced by the first piston will be forced into 
the tube which contains the other. If, therefore, A and 
— A'* be the distances through which the motion of the pistooi 
takes place, and N and N' transverse sections of the tubesi 

^^^ Nk + N'h' = 0. 

^^^U^ by tbe principle of virtual velocities, since tlie forces 

^^^Und P' are in equilibrium on the system 



Ph + P'h' : 
P 



P' 



•<«)• 



The Siune reasoning may be extended to any number of 
laures, by comparing P separately with each, and con- 
sidering the rest as supplied by the sides of the vessel, t^u? , 

~ " 'N ~ 'N' " N" ^ iT' " ^*^' 



liTba .above equations hold for elastic as ^ell as ioelasti^ 
ioT, the pressure being tbe some, the density is no^ 
altered by any alteration in the position of Uie pistons. 



* Tlie negative sign is here taken, because tbe motions of the 
two pistons take place in opposite directions. 



7- We shall give a second demonstration of this im- 
portant theorem, more directly grounded on experiment. 

Let AB C^'g- *■) ^^ ^^ uniform bent tube containing a 
fluid in equilibrium, whose surfaces are at A and B. Let 
a force P be applied to the surface at J, by means of a piston 
accurately fitting the interior of the tube. It will be found 
that an equal force Q must be similarly applied at B, in order 
to preserve the equilibrium in the same position of the pistons. 
And, similarly, if by means of a weight or other force applied 
at either surface, the fluid be forced into any other position 
A'B', and rest in that position ; then, the whole being in 
equilibrium, if a force P be applied at A', an equal force Q 
must be applied at S" to preserve the equilibrium in the same 
position as the fluid. 

Now, the forces, whatever they may have been, which 
acted upon the fluid before the application of P and Q, were 
in equilibrium, since they held the system at rest; also this 
equihbrium remains after the application of those forces, since 
the position of the fluid is unaltered. The forces, other than 
P and Q, being, therefore, in equilibrium; also the whole 
system of forces, including these, being in equilibrium, they 
are themselves in equihbrium. And the force P applied to 
the surface A', sustaining the equal forCe Q, applied to the 
surface B', it follows that the pressure on either surface is 
propagated through the fluid to the other. 

If there be a force impressed on a given surface, in any 
portion of a _fluid at rest, an equal pressure will thereby be 
generated on an equal surface in any other portion of the fluid. 

Let ABCD (Fig. 2.) be a vessel filled with fluid. Let 
B piston be introduced at Q; and suppose a given force Q 
to act upon it. The pressure Q will generate in any other 
portion of the fluid an equal pressure on a surface M, equal 
to that of the piston. For, since the fluid is in equilibrium, 
if any of the parts of it be connected together, so as to become 
solid, the equihbrium will continue under the same circum- 
stances with regard to the remainder, it being impossible that 
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an equilibrium, once established, should be destroyed, except 
by adding to the forces from which it has resulted, or taking 
away from them. Neither of which cases are involved in our 
supposition. 

Let, then, every portion of the fluid be supposed to be- 
come solid, excepting only the uniform tube QM extending 
from the piston Q to the surface M: the equilibrium will, 
therefore, remain with regard to the fluid within the tube QM: 
and the pressure on M will be the same as when the surround- 
ing particles were in a fluid state. 

Now, by the last article, the pressure communicated by Q* 
to M is equal to Q: and M is anywhere situated in the fluid: 
whence the truth of the proposition is apparent. 

Let JV and N' be surfaces taken anywhere in the fluid, 
of which let ifcf, the area of the section of the piston Q, be 
a common measure. Also, let M be exceeding small, so 
that N and JV' may be considered as made up of elementary 
planes, each equal to M. Then will the pressure on each of 
these elementary planes be represented by Q, and their num- 

N N' 

bers in the two surfaces respectively, by — and •— , putting, 

therefore, P and P' for the whole pressures sustained by the 
surfaces, we have 

P'^N'' 



* The "pressure communicated by Q/' it is to be observed ; diere 
may be a further pressure on M resulting from forces impressed on 
the fluid in MQ, as in the case of gravity. 



Then are — « iin a, and — a sin cr, the preiiurei on t i 

N N 

t', resolved perpendicular to the plane sy. But « sin tr and 

«' sin a represent each the common projection of the surfaces 

P ■ P , . , 

a and * . The expressions -— a sin cr, and ■— s sin j , are, 

therefore, equal to one another. And the opposite pressure* 
on any two elements of the surface, having a common pro- 
jection on the plane zy, are equal, and therefore destroy. 
The body N can, therefore, have no motion, whether of 
rotation or translation, as it respects that plane; and similar 
reasoning applies to the other co-ordinate planes. It follows, 
therefore, that if a body be wholly contained in a fluid, a 
pressure communicated to that fluid has no tendency what* 
ever to alter the position of the body, provided the fluid 
itself remains at rest. 



12. To determine the pressure on any portion of the 
sides of tlie vessel, (Fig. i.) tending to cause a motion of 
translation from the plane xy. 



Let dss dy represent the projection of («) 
' a = d 



the pli 



lane sty. 




P 



All that has been hitherto said with regard to incom- 
presBible fluids, applies, without restriction, to elastic fluids, 
the piston being supposed to have attained a state of repose. 
It is only in the manner in which this state is attained, that 
the difl^rence consists. 



CHAP. II. 



ON DENSITY AND SPECIFIC GRAVITY. 

13. Density is the quantity of matter contained in a 
given volume, which volume is commonly taken to be an 
unit of the whole ; so that in an homogeneous body the whole 
quantity of matter is equal to the volume multiplied into the 
density. Thus, calling V the volume of a body, and D its 
density, the quantity of matter it contains is represented by 
V.D. 

Having no positive conception of that which is not matter, 
we can arrive at' no definite idea of the precise quantity of 
that which is. Whilst, however, it is thus impossible to 
attain to an accurate knowledge of the density of any material 
body, we may readily institute a comparison between the 
densities of different bodies, and thus transfer such properties 
(dependant thereon) as may be predicated of one to all the rest. 

That body will be best calculated to form the standard 
of this comparison, which is of most common occurrence ; and 
between wldch and the rest the comparison is most readily 
instituted. 

Water possesses these properties in a remarkable degree.. 

The density of water, as compared with that of ^y 
other substance, is the specific gravity of that substance. 
Thus, calling D the density of any sujbstance, ai\d S its 
specific gravity: also, representing the density of water by D^, 

we have 

D ^ 

B 



Similarly, if D' and S' be the density and specific 
gravity of any other substance. 



I 





D S 


e densities 


of bodies are, therefore, as their specific graviti* 


Since 


l = - 




.-. D = S.D,: 




and V.D = S . V . D,. 



Now, VD and VDj are respectively the quantities of 
matter contained in the body, and in an .equal volume of 
water. The specific gravity of a body may, therefore, 
be defined to be the number of times the same volume of 
water must be taken, to contain the same quantity of matter 
with it, or the ratio of the weights of equal volumes of the 
body and of water. And where S.V is made (as is some- 
times the case) to represent the quantity of matter, it is 
always to be understood that it does not strictly represent 
that quantity, but the volume of water which contains the 
same quantity of matter with it. 

14. If two bodies, whose densities are D and D', and 
volumes V and V be mingled together; and the volume of 
the whole be the sum of the volumes of the parts; then, 
calling ly the density of the compound. 

Since the whole quantity of matter it contains, is equal 
to the sum of the quantities of matter in the parts, 

iJ"(K+ V) = F.D + V.D': 

■ Di representing, as before, the density of water. 



H 

v.s + r.s' 



.•• 5"' = 



F 4- r 



S"j S and *S" represenling respectivdy the specific grftvitidi 
of the compound and its parts. 

In all chemical combinations, the volume of the cc»ii- 
pound is found to be other than the sum of th6 yoluine$( 
of the component parts. The above theorem applies^ there- 
fore, only to the case of mechanical admixture. 



CHAP. III. 

ON THE EQUILIBRIUM OF FLUIDS ACTED tJPON BT GIVEN 

ACCELERATING FORCES. 

The property of die uniform distribution of pressure, 
applied at the surface of fluids, belongs to their nature^ 
and is common to all of them. Fluids, however, whose 
particles are acted upon by gravity, or other accdierating 
forces, exert, besides the pressure thus propagated from their 
surfaces, and uniformly diffused throughout them, a further 
pressure, dependant upon their density and the magnitude 
of the forces impressed, and variable from one point in them 
to another. 

15. To estimate the quantity of this variable force at 
any point in the fluid, it is conceived to be applied uniformly 
to an unit of surface. Throughout the following pages, the 
pressure thus referred to an unit of surface is represented 
by p; and it must clearly be understood, that this symbol 



la 



is not taken to represent any pressure actually produced by 
the fluid, but that which would be protluced if the pressure 
on the point (or rather an clement at the point) under con- 
sideration, were uniformly applied to an unit. 

16. Let the irregular vessel MN (Fig. 3.) contain a fluid 
acted upon by the constant force of gravity. Suppose the 
whcJe to be cut horizontally by the plane KL, and, the fluit^ 
being at rest, let its upper portion ML become solid excepting 
only the vertical tube PQ. whose section is (ft). Then will the 
circumstances of the equilibrium and the pressure, on every 
point of the fluid, remain precisely as before, nothing having 
been added or taken away from the forces impressed. 

Now it is evident that the fluid in PQ is acted on by a 
moving force in the direction of gravity equal to its weight ; 
also since the sides of the tube are vertical and nothing is 
opposed to this force in the direction of its action, it is wholly 
effective, and exerts its whole pressure on 'its lowest section. 
Now by (Art. 6.) this pressure will generate an equal pressure 
on an equal surface any where taken in the fluid KN. Also 
since the fluid in KN does not otherwise press upon the plane 
KL than as it communicates the pressure of PQ_, {its gravity 
impejling it from that plane), it follows that this pressure is 
the only force effective on KL, and on the fluid surface in 
contact with it, and, therefdre, generally, that the pressure on 
any portion of a horizontal section, is equal to the weight of a 
vertical column of the fluid, whose base is of the same area 
with it, and which reaches to the surface. 



Let mn be any other surface, KL and kl horizontal sec- 
tions through its highest and lowest points. Then is the 
pressure on mn, manifestly greater than that on an equal 
portion of KL : and less than that on an equal portion of kli 
and, therefore, the pressure upon it diff'ers from the pressure 
on an equal portion of KL, by less than the weight of the' 
column Qq. If, therefore, the plane mn be taken so small 
that Q.q may vanish when compared with PQ, the pressure 
upon it will be accurately represented by the weight of PQ, 
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and, this is true whatever be the form or position of wi», 
the base of PQ being as before of the same area. 

Refer the pressure on mn to an unit of surface ; let z be 
the depth, D the density of the fluid, and G the force of gravity 
for any value of j?, then will the weight of the column PQ, 
when referred to an unit, be J'DGdm, and therefore 

p=/DGd^ (fi). 

17- It has been shewn that if the plane KL be horizontal 
the pressure upon every equal area of it is the same, and 
further, that it is the weight of any vertical column whose base 
is equal to that area, and which reaches to the surface of the 
fluid. Hence, therefore, it appeared that the weights, and, 
therefore, the heights of all such vertical columns are the same. 
Since, then, the surface of the fluid is every where at the same 
height above the horizontal plane JTZ., it is itself horizontal. 

18. Similarly, if there be two fluids of different densities 
in the same vessel, their common surface ia horizontal. For 
taking a horizontal plane in the lower fluid, as before, the 
pressure on every equal area of it is the same, and is equal to 
the weight of any vertical column extending from the plane to 
the surface. Hence, the weight of all such vertical columns 
is the same, and the upper surface being horizontal, their height 
is the same, they must, therefore, all contain the equal portions 
of the two fluids, and the heights of the lower columns, that is, 
the distances of the different points in their common surface 
from horizontal plane must all he the same, or their common 
surface itself must be horizontal. 

And, in the same manner, if tliere be any number of * 
different fluids contained in the same vessel, taking horizontal 
planes in any two adjacent fluids, it appears that since the 
pressures on equal surfaces, throughout these planes are the 
same, and equal to the weight of any of the superincumbent 
columns (taking the equal columns incumbent on the higher 
plane from those on the lower), the weights of all the columns 
between the two planes are the same, and their heights are 
manifestly ttie same since both planes are horizontal ; therefore 




they contain all the same quantities of the two fluids, and the 
distance of every point of the common surface of the flaids, 
from either plane, is the same. 

These results follow at once from the equation (Ji) ; firom 
whence it appears, that in every possible case of pressure, 
DGdx is an exact differential, .and, therefore, Z) constant, or 
a function of s. AVhen, therefore, sr is constant, D is con- 
stant; or all horizontal planes are of uniform density. And, 
when p is constant, (as at the surfaces of Suids) sc is constant; 
or the surfaces of fluids are horizontal. 




19. From the above it appears, that the common surface 
of the atmosphere and any fluid on the earth's surface, is 
horizontal: and further, (the air heing of variable density) 
that the different layers or strata of air in different states 
of density, are disposed horizontally, and parallel to eacb 
other. 

On the Equilibrium of a Fluid in a System of 
conymunicatiiig Vessels. 

20. It has been shewn to be a condition necess 
the equilibrium of a fluid acted upon by gravity, that, 1 
intersected by a horizontal plane, the pressure on every por- 
tion of that plane should be the same. And the demonstra- 
tion of this proposition obtains, whatever be the form of the 
containing vessel, provided only the parts of it communicate, 
so that the fluid may be, in any direction, continuous. 

Suppose two vessels to communicate by means of a tube 
or common aperture, and let a fluid be poured into one of 
them. When the whole is in equilibrium, let it be intersected 
by a horizontal plane ; which is, therefore, one of equal 
pressure. Now, the pressure on every unit of this plane is 
^^ the weight of a superincumbent column of the fluid, together 
^K with a superincumbent column of the atmosphere above it: 
^^M and taking the atmospheric pressure to be the same over 
^H every unit of the siyfaco in both vessels, it follows, that the 
^^1 weights of the superincumbent columns of the fluid, or their 
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heights, are the' same. The surface, therefore, of the fluid 
is at the same distance from the same horizontal jiaae, or 
at the same level, in both vessels. 

21. If the pressure of the atmosphere, or any pert of 
it, be removed from the surface of the fluid m one of the 
vessels, remaining as before, over the surface of that in 
the other, the equality of pressure on the horizontal plane 
we have taken, will be destroyed; and the conditions of 
equilibrium no longer obtaining, that surface which sustains 
the less pressure will ascend and the other descend, until 
the equilibrium is restored by, the lesser pressure of the at- 
mosphere on an unit of the former surface, added to the 
weight of the increased column of fluid ; equalling the greater 
pressure on an unit of the other surface, added to the weight 
of the diminished column of fluid. 

Thus, (Fig. 25.) if p represent the pressure of the at- 
mosphere on an unit of the surface A, and p' on an unit 
of A': and Sff ]}e any horizontal plane. When the fluid 
is at rest, 

p + weight AB = !>' 4- weight A' B'; 
.-. p = p' + weight A' A". 

If the pressure of the atmosphere be wholly removed from 
the surface A\ that is, if p' = 0, 

p = weight A' A". 

The surface of the fluid in one vessel may thus be raised 
above that in the other, until the weight of the column raised 
is equal to the pressure df the atmosphere on a portion of 
the other surface, equal to its base. 

22. If the fluid in AB be not of the same density with 
that in A'B'^ it is clear, that in order to preserve the equality 
of pressure on the plane BB\ we must have 



ABx D^ A'B' X D\ 
or 'aS'^'JB.g. 
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f 

whtfe D and O are the dafisities of the two fluids, and a* 
the ratio of their specific gravities. 

Ex. 1. Givafi quantities of different fluids are contained 
in a circular tube ; it is required to determine thdr position 
of equilibrium when at rest. 

Let EQ, (Fig. l6.) be the heavier fluid, and FQ, the lighter. 
rad=l LECQ^^a lFCQL-=^^\ 



Let AP^AQ^e-, 



.-. ME! = cos — cos (a — 0) 



MF' = cos - cos (j3 + 0) ; 
.'. {cos d — COS a cos — sin a . sin Q\ 
= {cos — cos j3 cos + sin )3 sin 0} cr ; 

.*. {l^cos a— sin a.tan d} = {l — cos)34-sin )3 tan d} o-; 

... t3^g^(l-cosa)-(l-cos/3)<r 

sm a + o* . sin p 

Ex. 2. Equal quantities of two fluids, the ratio of whose 
specific gravities is represented by cr, are contained in* a 
cycloidal tube. To determine their positions of equilibrium. 
Let EP (Fig. 7.) be the heavier fluid, and FP the lighter. 

BF'^x BE'=w^ BP=x^^y 

length of each arc PE and PF = ,^^al\ 

or x^ + w} = l^ (i) 

Now, PE! = PF' . cr, 

or a? — 0?^^ = {x^ — 0? J o- ; - 






1-0- 
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Also, since ' PF^ PE; 

.-. %^9,aQB — 9,»J%a9^^ =a 2/^2 a/r^ + 2/y/aaa?^/. 



or a?l — a?^^ = 2 w^^L 



(at ^ cs. (7\^ . . 

T3ir) (*> 

eliminating between the equations (l) and (2), we obtain 

16 \ 1 +<r/ ' 16\1 +<t/ 



CHAP. IV. 

ON THK ^RSSSUmB 8U8TAJNBD BT THB SUBFAGXS OF VXSSKLS 
eONTAtNfN<» FLtriDS, OB ZMMBBSB0 IN THBM. 

23. Since, if an aperture be any where made in the 
fides of a* vessel containing fluid, acted on by gratity, the 
fluid will escape; it is clear that the surface of the vessel 
every where sustains a certain pressure. 

24. A surface can sustain no pressure, except in the 
direction of its normal. 

fiff? The internal pressure on the coats of a vessel, when 
filled to a certain depth witti a fluid acted on by gravity, 
is tbe same with> the external pressure upon it when immersed 
in the same fluid to the same depth* For the pressure on 
an element, in either ease, is equal to the weight of a vertical- 
column, whose base is of the same area with the element, 
and which extends to the surface of the fluid. Now this 
<»lumn is manifestly the same in either case. And this 
being true for every element of the surface^ is true for the 
whole. 

C 
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Hence it appears, that if a vessel* be wholly im- 
mersed, and filled with the fluid in which it is immersed, the 
pressures (severally and in the ■whole) destroy, and have no 
tendency to alter its form. And thus, although the actual 
pressure of a fluid (as, for instance, that of the atmosphere) 
be considerable, it has no tendency whatever to alter the 
form of a vessel, however fragile, which is wholly immersed 
and fiUed with it. 

37. Hence, also, if a vessel containing one fluid be im- 
mersed in another, the pressure sustained by that part of its 
sides which is in contact with the contained fluid, and tends 
to disturb its form, is equal to the difference between the 
actual pressure of this fluid, and that which would have 
been sustained, had the vessel been filled, to the same depth, 
with the fluid in which it is immersed. 



28. The pressure, therefore, of fluids on the sides of 
the vessels which contain them, is not materially affected by 
the immersion of the vessel and fluid in the atmosphere. For 
the actual pressure differs from that in vacuo, by the presaure-f' 
that would be produced by an equal quantity of air contained 
in the vessel. And in all cases where the former pressure 
is appreciable, the latter may be neglected, as compared with 



29. Since the pressure on any element of the sides of 
a vessel containing fluid, is equal to the weight of a vertical 
column of the same fluid of the same depth, and whose ho- 
rizontal section is of the same area, it appears that the pressure 
on the lower parts of it is greater than that on the higher, 
in the proportion of their depth. 

Since tJie quantity of any material is a principal element 
of its strength, it is clear that the lower parts of vessels 
■hould be of greater thickness than the higher. 



* No account is here taken of the thickness of the vessel. 

+ The pressure here meant is that which arises simply from 
I the niaght of the air considered as a liquid, and is independent 
mot its elasticity. 
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If the strength of the material be taken to vary directly 
as its quantity^ and any portion of the containing surface 
of a vessel be a plane, of which AB (Fig. 5.) is a vertical 
section, then AA' being the surface of the fluid, and P 
aBy point in ABy draw PN perpendicular to it, and let 
PN be the thickness of the containing substance just neces- 
sary to sustain the pressure on P, Draw AC through N\ 
then CAB will be a vertical section of the vessel, when its 
thickness is precisely that which i$ requisite to support the 
fluid it contains. For taking any other point P", and drawing 
P^M' and P^N' respectively parallel to PM and PN^ we have 

pressure at P PM 
pressure at P^ P'M' 



f ♦ 



strength at P _ PN \ 
strength at P' "" FN 

PM PN 



but 



PM' FN 



/ » 



pressure at P strength at P 
pressure at P strength at i^' 

but pressure at P = strength at P; 

.'. pressure at P' = strength at P*, 

30. Having given the interior surface of a vessel of fluid, 
to find what must be its exterior surface that the pressure 
on every point of it may be proportional to its strength, this 
last being taken to vary as the quantity of material in the 
direction of the pressure. 

Suppose the interior surface, one of revolution about a 
vertical axis, and let BAQP (Fig. 6.) be a section of the 
vessel made through this axis. Take PQ a normal to the 
interior surface at P; draw PM and QN perpendiculars to 
the surface OA of the fluid. 

Let OM = s, PM = y, 

ON=X, QN= Y. 



•n 



35. It is manifest, that if a vessel be wholly immersed 
in a fluid, and made to revolve about its center of gravity, 
the pressure on its surface, whether internally or externally, 
will remain unaltered, all the terms of the expression D.S-gx^ 
continuing the same. 

36. Of curves, whose length and the positions of whose 
points of suspension are given, the center of gravity of the 
catenary is the lowest ; and therefore the pressure upon ft, 
when filled with fluid, is the greatest. 

37. If the surface be referred to three co-ordinate planes, 
generally, 

j^ '^ili 



vWW- 



°"^\^ 



in the case of gravity, 

On the Cmiter of Pressure. 

38. If a plane surface sustain the pressure of a &a 
forming part of a vessel which contains, or is immersed id ' 
it, or otherwise ; since the various pressures on different pointA 
of the plane are perpendicular to it, they are parallel to one 
another. The point where the resultant of these parallel 
forces cuts the plane, is called its center of pressure, and is 
manifestly that point tq which, if a pressure equal to the whole 
pressure on the plane be applied in an opposite direction, it 
will sustain it, and hold the plane in equilibrium. 

Conceive the plane (Fig. B.) to be produced to the surface 
of the fluid, and take its intersection with that surface for 




d 
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the axis of (y), and a line perpendicular to this dra?m in 
the plane itself for the axis of x. 

Now, generaUy, if oc^ and y^ be co-ordinates of the 
point where the resultant of any number of parallel forces 
applied to a plane perpendicular to their common direction, 
intersects it, and a?, y be co-ordinates of the point of inter- 
section of any one of the forces (p) with the plane, we have 

Soar 
Spy 



yi = 



2p 



In the case in question, the force p, or the pressure on 
any element of the plane is the weight of a column of fluid 
of the same depth, and whose base is equal in area to the 
element. The pressure (p) on the element dwdy is, there- 
fore, Dgx sin Odxdy, 9 being the inclination of the plane 
to the surface of the fluid, and therefore w sin the depth 
of the point w, y. Hence, therefore, substituting for (p) 
its value, we have 

^ j[fDgw^ sin Q,dx .dy ^ JfDa^dxdyy^ 
* ^ fJ-^S^ ®^^ . d<2? . dy JfDxdxdy I . 

JffDgwy middxdy J^DxydwdyC 
ffDgw sin Odwdy Jf Dxdxdy J 

If the density be constant, these resolve themselves into 

fju^dydx ^ J'w^ydw 
^^ "" Jf(vdwdy " Jxydx 

JJxydydx . fxy^dx' 
Cfxdxdy ^J'xydw 

39. The former of these expressions coincides with that 
determining the distance of the center of oscillation or per- 
cussion of the plane from the axis of ^y)^ supposing it to 
revolve about that axis. Hence, therefore, it appears, that 
if the plane be symmetrical about the axis of x^ its center 
of pressure and its centers of oscillation and percussion, when 
made to revolve about the axis of y, coincide. 



40. If we measure a? from a point £, distant by EO 
( = /p), from the intersection of the axis o{ w with the surface, 
the equation becomes 

y (/»* + kw) ydw 
_ ^ fips + A:) y-d^ 

In the case in which AD and BC converge towards CD^ 
k must be taken to represent the distance OG, so that OM 
will be represented by k — w; and we shall have for the ge- 
neral expressions 

^J*(kwjrar^)ydaf __iJi^i^)y^^^ 

*'- f(a>±k)ydx •"^^^' ^'^^f{k±x)yd.v-^^^- 

41. The quantity Q is eliminated from all the above 
expressions ; whence it appears that, k remaining the same, the 
position of the center of pressure on the plane is not affected 
by a variation in its inclination to the horizon, and will, 
therefore, remain the same, if the plane be made to revolve 
through any angle about O as an axis. 

42; If we make ife = infinity. 



•^1 =-"-7-7- Vi 



OD 



fydw - « Jyd 

which are the known expressions determining the position 
of the center of gravity. Hence, therefore, it appears, that 
as the plane is sunk deeper in the fluid, its center of pressure 
continually approaches its center of gravity; which point, 
however, it never accurately coincides with. 

The center of pressure lies below or above the center 

. . T foo^ydoD + kfxydx fwydx 

of gravity, according as '^-—-^ Tp^ — > or < V4 — '-* 

J mydw + kjydaj Jy^x 

that is, according as {ja^ydw) {J*yda}) > or < {fwydwY: 
which expression being independent of A?, it appears, that if 
the centre of pressure be in any one position below the centre 
of gravity, it will in every other. 
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Ex. 1. Suppose the plane a trapezoid, of which the' pa^ 
rallel sides AB and CD (Fig. 9.) are horizontal, produce 
the plane to meet the surface of the fluid in Oy, and the 
sides DA and CB to intersect one another in F. Draw 
OFx perpendicular to AB and CD\ then is it also perpen- 
dicular to Oy, since Oy and BA are, both horizontal and in 
the same plane, and therefore parallel. Draw PQ parallel 
to Oy, and let it be represented by y: let EM=^x^ OEj^k^ 
AB=:ay CD = a\ EG = b; 

, FE'\-a? y a? y 

^ ' FE a FE a 

FE-^b a h _a' 



FE a" ' FE a 



Hence, 



y 

x a 



h a 

1 

a 



y ' .V fa \ 

'• ! = 1; ( — + 1^ 

a h \a / , 

X ia' — a) + ah 

y = 6 • 

Substituting, therefore, for y, its. value in the equation (l), 

y(a?^ + kai){ab. + (v{a' — a)\ dx 

^ "" f{pB + U) \ab 4- OB{a' ^ a)\ dec ' 

« 

and taking each integral, from cT =. to x :=ibj 

ab (^y + \W) -¥ {a'" a) (j^fe^ 4- ^6^^) 

a (4fe« + ^kb) + {a - o) (36^ + 4 bk) 
4?. .= 



. a «__ 



^ 20 (36 + 6k) + {a - a) (46 + 6A?) 

"^ 6 (4a' + 2a) + A(r(6aV4- 6a) 

6(3ct' + g) -f 2A?(2a -f q) 
~ « 6 (2a' 4- a): + 3Ar (a + a) 

D 
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Wheik A; s= 0, or one side of the plane coincides with the 
snrfflce, we have 

, 3a -jr Of 

If a or a equal 0, the trapezoid resolves itself into a 
triangle, with its vertex in the one case upward, and in the 
other downward, and we have 

when A; = 0, these become 

^1= f 6, or ^1= ^6. 

If a^ = o, or the trapezoid become a parallelogram, 

- . 26 + 3A? , , p , 

^, = ^ 6 . : or when ap = 0, a?, = * 6. 

^ ^ 6 + 2Ar ' ^ 

When Ar=oc'y, 

, ^ 2a' -f a 
^ a^ -^ a 

which is the known ^expression for the distance of the center 
of gravity from the side AB of the trapezium. It appears, 
therefore, that as the plane descends, the center of pressure 
continually approaches the center of gravity. Also, since 
the whole distance through which its position varies, as the 
side AB descends from the surface of the fluid, is repre- 
sented by 

3 a -{- a . 2a' + a 

■kb ;; *6 — ; -9 

^ 2a -{- a 3 a -i- a 

1 ^ a'^ '\- 4,a a + a* 
or s6 . 



^ {a 4- a) (2a' + a) ' 

which is a positive quantity; it follows, that the center of 
pressure is always below the center of gravity, ,to whatever 
depth the plane be sunk, and lies between that point and 
the point determined by the equation 

^ ^ 2a' H- a 
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It remains now to determine the distance of the cent^ 
of pressure from the axis Ox, Let MP^my^ MQs=iny. 
Then, recurring to equations (e), we have 

Jfwydxdy 



yi= 



JJ'xdxdy 



The first integration, performed with respect to y, ni^?^ 
be taken from y= — w»y to yz=iny. Hence 

* 2(ti + m) Jxydcp 2 J^xydx 

Substituting for y^ and integrating from a? = to x^h^ 

^n — m 6(3a'2+ 2aa -fa*) + 4A7(a'*-f aa '\- a^ 
^* "" 4 ' "^ h{a -It 2a) -f 3Ap(a-i-a') * 

liCt = 0, or let the figure become a triangle with its 
yerte;^ upwards; 

w — w 36 + 4«Ap , 
^^ 4 26 -h 3k 

Let a s 0, or let the figure be a triangle with its vartex 
downwards. Then, changing the sign of 6, 

y. = — '^. — , — , a. 

In either case of the triangles, the motion of the center 
of pressure, as the figure descends, is in a right line, passing 
through the vertex, and inclined to the perpendicular EG 

at an sngle whose tangent is — or . -- m the case of 

*i 2 6 

the vertex upwards, and 7 or . 7 m the case of 

o — a?j 2 

the vertex downwards. It consequently bisects DC. 

Let it be required to determine where a single hoop 
must be fixed to hold together the staves of a barrel filled 
with fluid. The staves being supposed to be similar, and 
each to present a plane surface to the fluid, and to revolve 
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freely- about the hoop, it is clear that the hoop must pass 

through the center 'of pressure of each stave. Its. distance 

from the top of the barrel wiU, therefore, - be determined 

* by the equation 

• (a) and (a') being the lengths of the two ends of a stave. 

Or if (a) be the ratio of the circumferences of the upper 

a 
and lower ends of the cask respectively, since -- = a ; 

a 

If the vessel be an upright cone, a^Oy and a?j = ^ 6. 
If it be an inverted cone, a = oc*y, and a?i=^6. 

^^ If the staves be prevented revolving inwards by the bottom 
of the cask, the hoop will be best placed when nearest the 
line of pressure, but must not be above it. 

Ex. 2. Suppose the plane a parabola. Here, taking the 

origin at the vertex, y = c<^/a?. Substituting, therefore, in 
equation (l), we have 

f\pG + A:) i^ 00 . doo 



_ f^x" + koo'^) dx 
f{oo^ ^kx^)dx 



7 5 

2 "S- , 2 , T 



A 3 

2 ^ , 2 , TT 

•^x H- gA:<r 



taking the integral from to x. Hence, dividing by |crf, 

i 

^07 + A? 



a?i = a; . 



X ■\'\k 
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When A = 0, or the vertex of the parabola touches the surface 
of the fluid, 

When A(;= oc*y, or the parabola is plunged to an infinite depth 
in the fluid, 

Hence it appears, that to whatever depth the parabola 
be sunk, the center of pressure always lies below the center 
of gravity, and that its position varies between that point and 

a point distant from the vertex by j^* of the axis, as the 

parabola descends. 

* Ex. 3. To find the center* of pressure of the quadrant 
of a circle, the diameter coinciding with the surface of the 
fluid, 

J^a^ydx f or {a^ -- a!^)^ dw 

^ fy^diV J*ai {a? — oF)^ dx ' 



dP 
Let P = d?(o^-a^-)J; .-. — = (o*-a?«)J-3a?'(o«-^p-)i 

diV 

4 4 
.-. J'or (a* — a?^)* d<!r = '—^ 

O 

a" 
H- — . circular area .{cos(<r) rad (a)] + C. 

4 

Now, C=0; 

4 

.•.ya?'(a" — a?^)Jda* = -— , when ,r = fl, 



_ 3 
^ 16 
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^ — - , when a:* = a, 



3 



2 a 



= |a. 



Ofi the Resolution of Fluid Pressure^ an4 the Center 
of.Pressu/re in Curved Surfaces, 

43. Let G (Fig. 10.) be the center of gravity of an 
elementary area JT, forming any portion of the surface of 
a vessel sustaining the pressure of a fluid in which it is im- 
mersed, or which it contains. 

Let the area K be supposed a plane. Draw GN per- 
pendicular to the surface of the vessel, and GM to the 
surface of the fluid, and let them meet this surface in JV 
and JIf. Let / be the inclination of GN to the surface of 

the fluid : then is ( - — / 1 the inclination of the area if, 

which is perpendicular to GN* Now, the pressure of the 
fluid on K is perpendicular to its surface, or in the direction 
GN^ and equal to D . g . GM . K. And of this force, that 
which is effective in the direction of gravity, is D ,g. GM . K 

sin /. But JT sin / = JT cos ( — — / j = JST , cos of inclination 

of K to surface of fluid = projection {K') of K on the surface. 
Therefore the whole pressure on K in the direction of gravity, 

is represented by D »g , GM . JT', or it is equal to the weight 
of an immediately superincumbent column of the fluid. And 
the whole pressure upon the vessel in the direction of gravity 
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U represented by the sum of such columns. And this is 
truey however small the planes (iT), and therefore the su- 
perincumbent columns be taken, that is, however near their 
sum be made to approach to a volume of fluid superincumbent 
to the whole surface (^ the vessel^ or extending from it to 
the surface of the fluid. 

44. That is, in the case of a vessel containing fluids 
the vertical pressure is equal to the weight of the fluid 
contained: in the case of a body immersed in fluid, it is 
equal to the weight of the fluid displaced. 

46. Let K" be the projection of JT on a vertical plane 
anywhere taken in the fluid; and let the projecting surface 
be continued to intersect the opposite side of the vessel in k, 
then is K'' the common projection of the surfaces Jf and k. 
Now, it may be shown precisely as in the last case, that 
the pressures on the surfaces JT and k] perpendicular to the 
plane c^ projection, are each equal to the weight of a column 
of the same height with their common depth GJHf, and having 
for its base the common projection JT". 

These pressures are, therefore, equal to one another; 
and being applied to the vessel in opposite directions, they 
destroy. And the same being true for all other portions 
of it, similarly taken, it follows, that all the horizontal pres- 
sures estimated in directions perpendicular to the plane of 
projection, occur (at the same perpendicular depth) in pairs, 
which mutually destroy: and hence that, not only have they 
no tendency, on the whole, to cause motion in the vessel 
perpendicular to this plane ; but farther, that their momenta 
about a horizontal axis parallel to it, severally vanish. All 
the conditions of equilibrium, with regard to the plane of 
projection, are therefore fully satisfied. Now this plane is 
any vertical plane whatever. Motion does hot, therefore, 
take place perpendicular to any such plane, that is, in any 
horizontal direction whatever. In whatever position, there- 
fore, or to whatever depth a body be immersed, the pressure 
of; the fluid has no tendency whatever to communicate to it 
a lateral motion. 
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46. Suppose the portion k of the vessel to be removed. 
The horizontal pressures will then, -as before, destroy, with 
regard to the rest of the vessel, but on JT' they will be wholly 
effective, k is here taken as an indefinitely small portion 
of the surface. Let it be the el^nent of a finite portion 
which is removed; then will the sum of the pressures on a 
portion of the vessel which has the same projection with the 
portion of it removed, be wholly effective on it in a direction 
perpendicular to the plane of projection. 

Example. Let it be required to determine where a square 
aperture must be made in the side of: an upright prismatic 
vessel, of. fluid, that it may just be overturned. 

Let pq (Fig. 14.) be a portion of the surface, of which 
the aperture PQ is the projection. .Then will the pressure 
sustained by the portion of surface removed from PQ, .be 
wholly, effective on pq^ and will be the whole effective, force 
on, that surface. . 

Let x^ be the distance of any point (w) in PQ, from C. 
Take PQ, = o, CP = a?, AB = 6, CA = c. . Therefore the 
pressure on an unit at m = 2)g-(6 •— a?J. 

Momentum of the. pressure on PQ or on pq about ^, 
= - Dgafih - w^ iv^doo^ 



taking the integral from a?^=a? to a?^=:a?-f «, 

%w^ 4- d^w -\ abx — 



r o' bar") . 

= Dga law^-\- c^x -\ abx — - — | . 



Now,^ in • order that when the aperture is ' first made,' 

there may just be an equilibriuin, this momentum must 

equal thiat produced about A by the vertical pressure of the 
fluid. 
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fl 

Calling, therefore, the base of the vessel (&), we have 

a—b kbc o^ 

.'. x^-\-d r—a? = — ; -7; — 37"; 

^ a-^6 a(2a-6) (3a-|6) 

« ■ ' • 

47. The center of pressure of the whole of any surface 
sustaining the pressure of a fluid, is determined by the inter- 
section with that surface of a vertical line, passing through 
the center of gravity of the solid contained by the part of 
it immediately in contact with the fluid. For it has been 
shewn that the vertical pressure of the fluid is identical with 
the weight of such a solid; its resultant passes, therefore, 
through the center of gravity of that solid. Also the hori- 
zontal pressures destroy one another ; the whole efiTective force 
is, therefore, the vertical pressure, and an equal and opposite 
pressure applied to the body anywhere in the direction of its 
resultant, will sustain it. 

Hence, therefore, if a force equal to the weight of the 
fluid contained or the fluid displaced, be applied to the 
point where the vertical, through the center of gravity of 
the fluid contained or displaced, intersects the surface, it 
will sustain the body at rest. This point is the center of 
pressure. 

48. Hence, it appears that if the surface sustaining the 
pressure of a fluid be symmetrical about a vertical axis, the 
intersection of that axis with the surface will be its center, of 
pressure ; and if that point be supported, the whole will be 
in equilibrio. Thus, a surface of revolution containing a 
fluid will be sustained by a horizontal plane, if placed on 
its vertex, &c. &c. 

'■' 49. Let ABCD (Fig. 24.) represent a vertical section 
of a vessel containing a fluid in equilibrium. 

Suppose a portion of the surface (projected in AD) to 
be curved vertically^ sd that each horizontal section may be 

E 



I 



a straight line (X) perpendicular to ABCD- It is requiied 
to Had the magnitude and direction of the resultant of the 
forces on AD, tending to cause a motion of translation pa- 
rallel to the plane ABCD. Take Ox, Oy, On, rectangular 
axes. Let x,y,x\ie co-ordlinates of any point. Now, calling 
ds an element of the curve AD, dxds is the corresponding 
element of the surface, and Dgzdaidt represents the normal 
pressure upon it. Now, the normal makes with the vertical 

an angle, whose cos =: ~ . Therefore, resolved in tlie di- 
rections of IS and y, the elementary pressures are respectively 
Dgxdxdy and Dgstdadx. 

Calling, therefore, x^ and y^ the distances of the resultant 
of the vertical forces &om the planes ay and z.t, and x^ and «, 
the distances of the resultant of the horizontal forces from 
the planes xy and xy, we have 

"' ff^dady fKi:d, ' 

ffxicdaidx 
" ffxdxdx 

ffx'dxdx _J\£dx 
''■~ Jfxdxdz ~ fXxdx' 

The forces on AD are, therefore, equivalent to i 
acting parallel to the plane ABCD, one at the distal 
from that plane in a vertical direction, and the other actii _ 
at the distance «, horizontally- Unless, therefore, a!^^'=ie^ 
or the directions of these forces be in the same plane, no singb 
foree will sustain them and hold the system in equilibrium; or 
the pressures cannot be reduced to a single resultant. The 
resultant is represented by 

Dg\{f\xdyf^if\»!dxY\^. 
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Tfaa i^o-ordiiuites of a point in it are x^j y^^ and «^, deter- 
mined above; it is in a plane parallel to JBCD, and its 
dnrectaon makei with the vertical an angle, whose tangent is 

/Xxdy 
J\%dz ' 

It is to be observed, that the resultant determined above 
does not represent a force equivalent to all the forces impressed 
upon the surface AD, but to those only which tend to produce 
a motion of translation parallel to ABCD. 

50. Let us now consider the case in which the curvature 
is hofiamUai^ and each vertical section a straight line. 

Conceive APB (Fig. 26.) to be any horizontal section of 
the vessel. The normal pressure on an element at P is re- 
presented by Dgzdxdsy (da being an dement of the curve 
AB). Resolving this in directions parallel to the planes xof 
and xyy it becomes 

dy dw 

Dgxdz .ds.-^ ajld Dgxdz . ds . ~— , 

da ds 

or Dgzdz . dy and Dgzdz . dm. 

Taking, therefore, y^ and z^ for the diie^ances of the re- 
sultant of the forces parallel to zw^ from the planes za 
and wy respectively; and ^j, z^^ for the distances of the re- 
sultant of the forces parallel to zy^ from the planes zy and 
J7y, we have 

ffzydzdy 

^' ^ ffzdzdy ' 



z. = 



Jfs^dzdy 
Jfzdzdfg ' 

ffzwdzdm 
' Jfzdmdz 

_ ffz^dzios 
^" ■" ffzdzdy '■ 
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Now these resultants act in parallel (horizcmtal) planes 
and their directions are at right an^es to one another. The 
system cannot, therefore, be sustained by any single force, 
unless z ^= z . 

By int^ration we get 



<r. = 






J*ys^dz J'xardz 

' fyzdz ' " J'xzdz 

Now, by the nature of the surface, x and y are indepen- 
dent of ^; 

yf^dz xj^^dz 

The surface being taken from the line of its intersection 
with the plane zy, Oy being represented by (6), and the 
pressure being supposed to commence when z^^a. 

Ex. To find at what depth an aperture NB, of given 
dimensions, must be made in a cylindrical vessel of fluid, 
that the eflect to turp it over may be a maximum. 

Let h be the whole depth of the fluid. NP = Ar, PB = a, 
depth of P = z; therefore, the height of the center of pres- 
sure of NB above the base of the cylinder is represented by 

also the depth of the center of gravity of NB = («? — ^k); 
therefore, the pressure upon it is represented by ka {% — i-A) 
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and the iiK)mentum tending to cause the body to revolve 
upon its base 

= *a(--iA.)|A-f— ^^^— ^_|=max; 

.-. h(2«^k) — 1(35^2 — 3A?» + Ap^ = max; 

We shall now take an example oi the more general case 
of the center of pressure in curved surfaces. 

A sphere JUled with water is divided vertically into two 
hemispheres: required the position and magnitude of the 
lateral forces which shall just prevent their separation. 

Let (a) be the radius of a^ sphere, (Fig. SO.) O its center, 
and {xj ffj z) the co-ordinates of a point P, in its surface. 
O being the origin, and the plane wy being horizontal. Now, 
the pressure on an element at P, resolved in a direction perpen- 
dicular to the plane %y^ is equal to the weight of a column of 
the same depth with that point, and having for its base the pro- 
jection of the element on %y\ it is therefore equal to the weight 
of the column {z + a) dzdy. Similarly the pressure resolved 
perpendicular to wy, = the weight of the column {z + a) dxdy. 

Calling, therefore, z^ and x^ the distances of the result- 
ants of these parallel forces from the planes xy and zy respec- 
tively, we have 



_ Jf^ . (« 4- a) dzdy __ J[f{^ + «) xdxdy 
^' ~ Jf(z + a) dzdy ^^' " JJXz + a) dxdy ' 

jy(z^ + az)dzdy=^f{^x' + ^az^ + c}dy, 

^J ^ dy, taken from ^=—^a*—y^ 

to z^ + ^ya^ — y^ 
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4 

= — ;-, taken fromy= —a toy = a; 
4 

^(i8f + a) d«dy =f{ ^f-^asi^- c\ dy^ 

sssyg.a.^a*-— j^.dy, taken from *= 
— ^/a*— ^ to « = + ^a^—y\ 



= TTo' taken from y= —a toy = a; 



or a* 



•'• ^i^ii::j=i^ 



47ra* 



Jf{»^a)wdatdy^Jf\a(v-\-as/a^'-^ — l/^\ dxdy, 

^/I'^^^T^"^*^^^ taken 

from woBtO to Of vBz^a^^y^^ 

=x— + — — , taken from y= — cs to y=a. 

3 o 



ff{x + a) da^dy =j(/ {a + ^a^ — a;" - y^} da?rfy, 
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\ gf «ii^«>i *■■■ I ff^-^ft^ 



9^ '2 



^-' jhf^'^'^^y^ 



=5y*<aj^rt*^j^ + - ^f ^'y* toltei^ fi'o'^ 



4^=0 to « = ^a*— y*, 



4|V^=^+^i°-*!| +r("'^-r) + "' 



— ^— , taken from y= — a to y = o; 



So* trtt* 



1 — 

57r 



8 (4 3 } 

a' ^57r 20 5 



7ro*^6l 




Alio the resultant = \/f^Ift\^ + (.^tiy =i 

Now, this resultant of the forces parallel to the axes of 
z and ofy is equal to the whole pressure e£Fective in separating 
the hemis^eres; and it manifestly acts in the plane za^ 
since the surface is S3nQ[unetrical about that jdane. Take, 
therefore, in the plane xw, a point determined by the co-or- 
dinates af^ and ss^ . The intersection of the surface of the 
sphere, with a line drawn through this poiat and the center 
O, will be the center of pressure. 

51. To determine the conditions of the eqttilil»riufiK of 
an embankment or dyke. 

Let ABC (Fig. 28.) be a transverse section cf. any 
portion of the dyke, taken to be every where of unifbim 
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dimensions. Now, let the dyke be supposed to be formed 
of solid materials liable only to revolve about the point Ay 
or to slide along the horizontal line BA. Let P be any 
point, X its depth, 

DN=^NP=y, AB=ky BD=^L 

By (Art. 49.) the vertical and horizontal pressures of 
the fluid on P are respectively represented by 

Dgssdwdy and Dgzdwdz 

and their momenta about A are 

Dgx (k'-l + y) dydxy and Dg% {h^z) dwdx. 

Therefore, the whole momenta pf the vertical and horizontal 
pressures of the fluid, are 

Dgj[/'x(k^l-\-y)dydx=iDg\y(k — l-\-y)xdy and 

taking the latter integral from to h. 

Now, let M represent the area of the section ABCy m 
the horizontal distance of its center of gravity from A, and 
ly its density. Its momentum about A will then be repre- 
sented by 

D'g .\ . M .m 

and, on the whole, that the equilibrium may obtain about A^ 
we must have 

Dg\f(k^l + y)xdy + iy.g.\.M.m'-lDg\h^^O^ 
0T9 J'(k — l + y) xdy + aMm — ^h^^zOy 

representing by <r the ratio of the specific gravities of the 
solid and fluid. 

It remains for us now to consider the conditions necessary 
to prevent the dyke from sliding horizontally along the plane 

ba: 
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Its weight is D'g\M\ its friction on the plane BA^ will 
therefore be represented by the product of this quantity, 
and a constant (n) to be determined by experiment. Also, 
the horizontal pressure of the fluid is represented' by 

Dgffxdxdss = ^Dg\h^ 

The remaining condition of equilibrium will therefore be 
expressed by the equation, 

or, 2orJtfw — A* = (2) 

52. Let us apply these equations to the case in which 
the section ABCD is a trapezium. (Fig. 15.) Let EF=k' 
CD^b' whole height of the dyke = a; 

.', M=:^a(k + k^ also, by^?=^, 

z h 

'''/(^'-^ + y) ^dy — -r\^k^l + —Jzd%y 



U Sh' 



= I r— ^A*H — —■> taken from O to A 



.•. by substitution in equation (1), 
-|/. A?. A - g /^ A - g A^ + I.a(A; + Ar')<7W = 0. 

53. Let us now suppose any portion CMP of the dyke 
CAB, (Fig. 18.) whose side CA is vertical^ to be liable to 
revolve about the point M. To determine the form of the 
curve CPjB, in the case of equilibrium. 

By equation (1) since in this case I = k, 
J*yzdy — g^^ + o-.ilf.wssO, 
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where M .m h the momentum of the area CPM about Jf . 
Now the momentum of any ordinate y about that pomt, 
equals \^\ therefore on the whole, the momentum equals 
^J*y^dsts + A^ A being the momentum of CDE about the 
point M; 

.\fy%dy — g^ + k<^fy^^^ 4- or^ = 0; 

therefore diflferentiating 

y%dy — ^%^d% + \(ry^d% = 0; 

d% 
.-. dy*^ 4- cry^ — = %dz\ 



or 



y'e *^ ' =y € ^ '%d% +C; 



•. y^z<^ = + C; 

(7 + 2 



'•• y^ = — :: + 



or + 2 «*^ 



when ^ = y = oc*y. An embankment according to the 
proposed conditions cannot therefore be formed from the 
very surface of the fluid. 

Let us now consider the case of an embankment sustaining 
a fluid of the class we have described as of imperfect fluidity. 

Let the vertical surface CJ9, (Fig. 27.) sustain such a 
fluid mass, of earth, sand, or other imperfectly fluid substance. 
Now, it is observed, that if any portion CP of this surface 
be removed, a mass, CPM, will detatch itself from the rest 
and roll down, leaving the surface PJf, sensibly a plane, 
varying in its inclination to the vertical with the fluidity 
of the substance, being vertical in the case of a perfectly 
solid body, and horizontal in that of a perfect fluid. For 
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the same substance, whatever be the portion of surface 
removed, the angle CPM is the same; let it be represented 
by <p. Let CP—w CB^h. 

Now, the mass CPM is sustained by the horizontal re- 
action of the surface CP, and by its friction on the surface 
PMy and its cohesion with it. Of these two last forces, 
the one is proportional to the vertical pressure on PMj and 
the other to the area of that surface. Call Pg the hori- 
zontal pressure on CP. Resolved in the direction of PJIf, 
and perpendicular to that direction this becomes Pg sin. 0, 
and Pg COS. 0. 

Also the weight of CPM = ^g"^^. tan <p . 2>, and resolving 
this similiarity it becomes ^gDar sin. (p and ^gD<f^ tan. 
sin. 0, also PM = w sec. 0. Therefore, taking y for the 
coefficient of the cohesion and (/) of the friction, we have 

P sin. (j) + Pf COS. (f) 4- ^^2>a?^/tan . sin. 

+ yx sec. (j> — ^gDaP" sin. = 0; 

^ gPar sin. — ^ g PaPf taxi, . sin. — 7*3? sec. 

sin. -f /cos. 

Now, in a practical application of this formula, we may 
neglect the term / cos. 0, by which we shall favor the stability. 
Thus we shall obtain 

P = igD^=(l -/tan.^) - :L^-^ (1); 

diflferentiating equation (1), we obtain for the increment of 
horizontal pressure, 

'v sec d) J 
gDdo(\ — ftBiW(b)dx , T d3D\ 

' ^ ^ sm0 

The momentum therefore of the whok pressure, about A^ 
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=y(A — ai)<gDx(l - /tan 0) da? -- ^f^Jr ^J 

which taken from a? = to «r = A gives 

I gD(l -ftaxapyh^ - ^^^^hS 
6 "^ ^ sin0 

calling therefore, D'.M.m.g^ the momentum of ABCD ; 
D'.M.mg = lgD(l -/tan0)A» - i^^^*'- 

64. To determine the form of the curve DQAy any 
portion CPQ of the dyke being supposed liable to revolve 
about Q. Let PQ = y. Now, the distance of a vertical 
through the center of gravity of CPQ from P, equals 

and therefore from Q it equals 
and therefore the momentum about 

Q = yfyd^ - i/y^d^; 

.-. ZTy fydx-'l lyfYdx = i 2) (1 - /tan d)) a;^ - i'>l!!i^a?^ 
./ » t/ o g sin © 

whence by differentiation and reduction we obtain 

by the solution of which equation the curve DQA is determined. 
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On the Swrfacea cf Jleanble Vessels containing Fluid. 

By a well known property of flexible curves, when the 
impressed force is perpendicular to the curve, (calling T the 
tension and R the radius of curvature) T is constant ; and 

T 

the pressure at any point is represented by — . 

R 

55. Conceive a vessel to be formed of a series of hori- 
zontal flexible annuli. The pressure on every point in the 
circumference of each of these will be represented by the 
same quantity, viz. %g^ where s? is the depth, and g is the 
force of gravity, the density being unity ; 

.-. i? = . 

The radius of curvature at every point in each annulus 
is therefore the same, or each annulus is a circle, and the 
whole, a surface of revolution. 

If we take the case of a vertical plane curve sustaining 
the pressure of a fluid ; as in the former case, we shall have 

i2 = — ; 

«g 

T being constant, and % the variable ordinate to the curve. 
From the above equation, the nature of the curve may be 
determined. 

66. To find the curve into which a flexible line will 
form itself, when sustaining at every point the pressure of 
a fluid mass, and acted upon by a force everywhere parallel 
to itself. 

Let P represent the pressure of the fluid, and Q the 
force impressed on the curve at any point P, (Fig. 7.) 

Let AM = 07, MP = y, 

the axis of y being parallel to the direction of the force Q. 
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The pressure of the fluid is perpendicular to the curve ; 
resolved therefore in the direction of x and y it becomes 

P . -— and P . --- . The whole pressures on the element 
as da 

ds resolved in these directions, are, therefore, 

P .^ .ds and ( P ^ + q) ds, 
ds \ ds / 

or P 'dy and (Pda? + Qds). 

Now, by a well known property of the funicular polygon, 
all the forces impressed on any branch AP of the curve, if 
applied at P, would be in equilibrium with the tension (T) 
at that point. 

dw 
Hence, therefore, /Pdy -h T —= (l) 

Cvo 

/(Pda? + Qds) - T^ = (2). 

CiS 

Differentiating the above equations, and multiplying the 
differential of the former by dy and that of the latter by 
rfo?, and adding, we obtain 

^ , « ^ . . ^ dyd'w — docd^y 

Pds' + Qdxds + T — ; = 0. 

ds 

Multiplying the differential of the former by docy and of the 
latter by dy, and subtracting, 

— Qdsdy -{- dT . ds = 0; 

or calling R the radius of curvature, 

dw' 



(^ + ^£)^ + ^="' 



- Qdy + dT = 0. 
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Differentiating the former of these equations, eliminating dT^ 
and reducing, we obtain the equation 

PdR .ds+Q.dR.dof^ RdPds + « Qdyda + RdwdQ = 0. 

Suppose the force P to be constant, and Q to vanish, as 
when the curve is horizontal and the fluid acted upon by 
the force of gravity. Then, since Q = and dP = 0, 

PdR , ds = 0; 
.-. dR = 0: 
therefore R is constant, or the curve is a circle. 

^^ext, let the force Q be supposed to vanish, 

PdRds + RdPds = 0; 

/. PR:= C, 

If the curve be taken in a vertical plane, and the force 
P be that of gravity, we have P = orgy ; 

.-. gRy=^ C, 

1 
or y^g' 

If Q be considered constant, as, for instance, the weight 
of an element of the containing surface = mg^ the general 
, equation becomes 

o-ydRds '-f mdRd^e H- aRdyds -f ^mdyds = 0. 
Now, ds being constant, 

R=z-^ — ; .\dyds = Rd^w; 

d^w 

.-. (xydRda -h (y Rdyds •\- mdRdw ^- mRd^oo '\' mdyds^O, 
Integrating on the supposition that {ds) is constant, 
(xRyds + mRdoB + myds = Ads-^ 
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eliminating R^ 

aydyds -f mdwdy + myd^w = Ad^w; 

.'. ^ary^ds + mydw = Adi» + Bds: 
from whence we readily obtain 

^(J-myy-ij^af-Bf 

* This particular case may be solved immediately from the equa* 
tions (1) and (2). Substituting the values of P and Q, we get 

and 8f[<^y dx + mds) — T^ = 0. 
Performing the integration indicated in the former equation^ we have 

the constant B being determined by the value of the tension and the 
direction of the curvature, when ^ = 0. 

Eliminating T, (^<r^— B) dy + dxf{<rydx + mds) = 
i ^f^ - By' +/\<rydx + m (Lt^^lL^j = o ; 
.*. differentiating 

. y'dy' . {\'\-y''^)^'ydy mdy _ 

a linear equation, 

- (i<rf-B) 

i^<rf^B)dy 
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A third constant will be introduced by this last integra- 
tion. To determine these constants, we may observe, that when 
^ = 0, ^ = 0; and that the length of the curve and the distance 
of the points of suspension are given. 

If we make (r = 0, 



diV = 



which is the equation to the common ci^tenary. 

If m = 0, 

lay^dy 



dx = 



^ A' - i^ay" - Bf' 



which is the common equation to the velinary curve, the weight 
of the containing surface being neglected. 



CHAP. V. 

ON THE EQUILIBRIUM OF FLOATING BODIES. 

57* A HEAVY body immersed in a fluid being pressed 
downwards by forces, the sum of which is represented by 
its weight, and upwards by forces whose sum is equal to 
the weight of the fluid displaced, cannot be sustained; first, 
unless the sums of these forces when thus severally taken 
together be equal to one another; and secondly, unless the 
directions of their resultants coincide*. 



* Since it is a necessary condition to the equilibriuin of a system 
acted upon by any number of forces^ that the suin of those forces 
when estimated in any given direction^ should be zero ; and that 
beinff compounded into any two resultants^ the directions of these 
shomd be m the same straight line. 

G 




I 
I 



From the first condition, it follows tliat the weight of a 
floating body equals that of the fluid it displaces. 

From the second, that (since the vertical pressures on 
the different points of the surface immersed, are precisely 
analogous to the weights of a system of columns, forming 
"together the part of the solid wliich is immersed, and the 
resultants of the two therefore coincide) ; the center of gravity 
of the body and of the part of it immersed, are in the same 
vertical line. 

These conditions are also sufficient to' the equilibrium, 
for they manifestly establish it with regard to the vertical 
forces on the system, and it has been shewn that the 
horizontal pressures respectively destroy one another in 
every position of the body. 

58. Let M be the volume of a solid, D its denaity, 
M' the volume of the part of it immersed when it floats in 
equilibrium, in a fluid whose density ia U. 

Then, since MDg is the weight or downward presBure 
of the body, and M' O g, that of the fluid it displaces, we 
have by the first condition of equilibrium 

M.D = M'.D' in) 

If the body be wholly plunged in the fluid, M' = M, 
and, therefore, V^D. 

If it be only partially immersed, M'<M; and, therefore, 
D'>D. 

It is, therefore, in all cases necessary to the equilibrium, 
that the density of the body be not less than that of the 
fluid in which it is immersed. 

59. Generally the forces by which the body is urged 
upwards and downwards are respectively represented by MZ> 
and M'D'; it will therefore ascend, or remain at rest, or 
descend, according as 

M'D> = <MD. 



thitt is, if the b6dy be wholly plunged, according as 

If>^<D. 

In the first case it will ascend until a portion of it 
has emerged, and the equality M'Bf = MD being at length 
established, the moving force ceases and it eventually floats 
at rest. In the last case it will descend continually. 

If the body be placed on the surface of the fluid, and 
Zys2>, it will descend until the whole of it is immersed, 
when Atiy being equal to JfD, the moving force will cease ; 
and being projected with the velocity acquired in its descent, 
it will proceed in the direction of projection until its motion 
has been wholly destroyed by the resistance of the fluid, and 
it rests suspended. 

If D'>A the equality Sfiy—MD will be established, 
and the moving force destroyed, before the body is entirely 
immersed. By the velocity acquired in its descent, it will 
however be projected beyond the positio^ of equilibrium, 
and M'Lf becoming <MD, a velocity will eventually be 
generated in an opposite direction, and the body will oscillate 
on the surface until all motion is destroyed by the continual 
resistance of the fluid. 

60. If the fluid be of uniform density, and D be taken 
to represent the meafi density of the body, so that MDg may 
represent its weight as before, we shall have 

MD =^ M'D'. 

If the floating body be hollow, the mean density is that 
quantity which being multiplied by its bulk, taken externally, 
will equal its weight. 

If, therefore, it be admitted that a given portion of material 
can be so disposed as to be of any given external bulk, then, 
(so far as this condition of equilibrium is concerned,) it appears 
that any such portion of matter can be made to float. It 
is a further condition of the equilibrium, that the €olid con- 



tained by the surface BctuoJly immersed, should have its 
center of gravity in the same vertical line with that of the 



61. If the body be symmetrical about a certain axis, 
that is, if it be such, that being cut transversely by any 
plane perpendicular to thai axis, the center of gravity of 
the section may lie in the axis; it is evident that the cen- 
ter of gravity of the whole solid, and of either of the parts 
cut oif, will also lie in the axis. If, therefore, the solid be 
immersed with its axis vertical, the center of gravity of the 
whole and of the part immersed, will lie in the same vertical, 
viz. the axis; and the second condition of equilibrium will 
be satisfied to whatever depth it be sunk. 

Ex, Let the body immersed be a sphere of uniform 
density, it is evident from what has been said above, that 
it will float in any position ; now by the first condition of 
equilibrium, we have, if AM (Fig. 16.) = *■, PM = y (P 
being the lowest point of immersion,) rad. = a 



Dw 



= a 


^fyH. 


= 


"■/(2.. 


= B' 


^(a«'- 


D . 


' = saa 



x')d.. 



■i*'); 



or, if (T = the ratio of the specific gravities of the solid and 
fluid, which is the same with that of their densities, we have 



By the solution of which cubic equation w is known. 



I 



« 



It is manifest, that, since, as the body descends, the quan- 
tity of fluid it displaces increases, whilst its weight remains 
the same ; there can but be one position thus found, in which 
the weight of the one can equal that of the other. 



A 
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If the sphere be loaded with a weight (u), we shall 
have 

to simplify the expression, suppose the weight to equal that 
of a sphere, of the same density with the solid whose 
radius is a; 

Now, let it be required to determine what must be the 
value of (a), that w may be a minimum. Or in other words, 
to find that sphere of a given density which will support a 
given weight, and sink to the least possible depth. DifiFe- 
rentiating with respect to (a), 

4aV = a?* -f ^aw— ^-t-j 

da da 

and making — - = 0, since or is a minimum, 

da 

Differentiating again, 

do! dx /da\^ 

Saa = 20?- h 2w-— + Sal-—) 

da da \da/ 



d^x /da\^ „cPa? 

2x1 — ) -^af^ — T 

da^ \da/ da^ 



and substituting for a?. 



d^x » / — 

da 
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Now (7, and therefore ^g is essentiaQy leM than unity, 

therefore — = is positive or negative, according as the positive 
da 

or negative sign is taken. The positive sign, therefore, cor- 
responds to a minimum, and we haVe 



a = 



>72(1 - ffi) 



Ex. 3. Having given the whole quantity of the materials 
and lading of a rectangular vessel, the part of which, in 
contact with the fluid in which it floats, is to be cased with 
a given surface of copper, it is required to determine the 
dimensions of this last part, that the depth to which the 
vessel sinks may be a maximum. 

Let 00 and y be the edges of the base of the vessel, and 
» the depth of immersion. Then is the surface immersed 
represented by 

ooy + 2»«r -f 9.%y, 

If, therefore, (c) be the given surface of copper, 

ooy + ^%x + 2jyy = c. 

Also, if (m) represent the whole quantity of material and 
lading, and D its mean density, 

ooyzjy = wD, 

xyz = mcr; 

m<r (oo 4- ^%) 
.-. ^^ ' -I- 2Z0B = c, 

j %00 



/I 2\ 
or, «io-| — + - I + Sar.r = 

\« 00 / 
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Now, since « is a niaximum, 



dx 








= 0; 




dw 


w 






ma 


0; 


.'. « : 


~ «*' 





whence by substitution and reduction^ 

the roots of which equation determine the maximum and mini- 
nium values of the function. 

All the roots are possible if c>d(2m(r)i, two are impos- 
sible if this be not the case. 

Ex. 3. In the above example the quantity of material 
and lading being given, it is required to determine the dimen- 
dbns of the vessel, that the copper sheathing to be used, or 
the surface exposed to the action of the fluid, may be a 
minimum. 

r 

Here wyts = m<r, 

and «y 4- 2<riir + ^gx = minimum; 

therefore, mal— +— | + 2«d? = minimum; 

therefore, diflTerentiating with respect to % and a?, 

tnar 

Sir 

2- + 2« = 0; 

or 
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therefore by substitution, 



OS 

— (2mcr)* H- 2« = 0, 
^(2mcr)^y — «»cr = 0; 

.-. ^p = (2m(r) , 

«f = ^(2 mo-)*, 

1 
y = (2wcr)^. 

The base of the vessel is therefore a square, and the depth 
to which it sinks is equal to one half the side of its base. 

Ex. 4. To find to what depth an ellipsoid will sink, 
with its major axis in a vertical position. 

Let a, 6, c be the semi axes of the ellipsoid, ^, y^ « the 
co-ordinates of any point in it, and x the distance of the 
surface of the fluid from its center; 



(7)'-(f)'-(f)'=- 



Now, a horizontal section of the figure through the point 
{as, y, x) is an ellipse, in which y, z are the co-ordinates of 
that point from its center. Also, 

y' s^ _ 

b c 

therefore - (a* — 4?*)^, and --(a* — w^)i 

a a 

are the semi axes of this ellipse ; 
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and — T- (a* — a/^) 
a* 



is its area : 



therefore, the part immersed = -—^fia^ — ^) dx 



^'{a*(a-*,)-^(o»-a-/)} 



a 
taking the integral from x^ to a. 

Now the whole content of the ellipsoid is 

5 Traftc; 



he 



TT 



2 



|a*(a — J?) ^ ^(a' — j?/)} = \irahcG\ 



.-. 0?/ — Sa^x^ — 2a^(2<r — 1) = 0; 

which equation not involving h and c, it is clear that w^ is 
independent of those quantities, and therefore the same for 
a given value of (a), whatever relation exist between them, 
or, it is the same for the ellipsoid, spheroid, and sphere. 

It is clear that the above belongs to what is termed the 
irreducible case of the cubic equation, since 

{2a*(2<r - 1)}* - ^^^ = l6oV(<r - 1,) 

and that <r being essentially less than unity, this expression is 
negative. Hence, therefore, it appears that all its roots are 
real. 

To obtain them, let 

2a'(2<r — 1)^ 
cos <b = s — t * = 2(r — 1, 



* See FrancoBur Cours de Mathematics, Art. 550. 

H 



then, . 



•i*. 



iliitirnr in thin ' 



we shall obtain the three values of x^ by substituting in this 
last equation, the quantities 0, + 2 tt, ij) + 4 tt, obtained 
from the former. It is dear that but one of these roots 
can answer the conditions of the question. The two others 
give values of *'^ greater than a. 

Thus, if we take o- = ^, the values of ip arc 

■JT Sir gn- 

2' V 2 ' 

and the corresponding values of x^ are a^/ 3, —a ^3, 0, of 
which the two former are greater than (17). The last is 
manifestly that which solves the problem. 

Where a given weight is to be sustained, it is clear that 
a given quantity of fluid must be displaced. Of all floating 
bodies therefore, that, the part of whicli immersed is of s 
spherical form, will sustain a given weight exposing the 
least surface to the action of the fluid. 

62. If the fluid be of unlimited extent, it is evident that 
the portion of it displaced by a vessel of finite magnitude, 
can have no sensible effect in increasing the altitude of its 
surface. Whereas, if the volume of the fluid displaced he 
finite, as compared with its whole mass, (or rather, as com- 
pared with that portion of it which lies above a horizontal 
plane, passing through the lowest point of the body immersed), 
then will the immersion have a finite eflect in elevating the 
surface, and consequently in altering the position of the plane 
of flotation. 

Ex. To find the depth to which a paraboloid of revolu- 
tion will sink in a cylindrical vessel of fluid. 

Let D and D' be the denaties of the solid and fluid. 
JT the area of the base of the cylinder, K' that of the 
base of the paraboloid. LN", (Fig. 17.) = a. DC, the altitude 
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at which the fluid ^tood before the immersiop, c= 6. The 
anea of the plane of flotatioo PQ s= ky MN == ^, JDF ^ fr. 

Now, the volume of the paraboloid AN 

= \K'a, that of PN ^ ^ka '; 
therefore, ]l>y the first conditi<Hi of equiUbrium^ 

and since the whole quantity of fluid is the sauie as before 
the immersion, 

JTa? - ^ka = Kb; 

therefore, KI/op - ^kl/a ^^ KD^h, 

and therefore, KD'x — \K'Da = Kiyb\ 

therefore, a? = 6 + ia . * . 

K • jy 

All that has been stated with regard to the conditions 
of the equilibrium of floating bodies, applies equally whether 
the density of the body or fluid be uniform or not. In the 
case of variable density, the weight of the fluid displaced is 
represented hj J*D'dM'\ and that of the solid, hy J'DdM. 
The second condition becomes, therefore, 

(T.fDdM^fPdM'^ 

the one integral being taken throughout the solid, and the 
other, with regard only to that portion of it which is immersed. 

Ex. How deep will a sphere of given imiform density 
sink, when immersed in a fluid whose daisity varies as its 
depth By (Fig. 16.) the surfiice pf the fluid; C the center 
of the Inhere. 

BM «= d?, MP = y, radius = a. 
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Now, the upward pressure on the body, equals the weight 
of the fluid ; - which, if it were removed, would occupy the 
space at present filled by it. 

Take the sphere itself to represent this portion of the 
fluid, then tt^^ is a horizontal section ; and iry^dx an element 
of it. Also, the density of this section is everywhere the same. 
Let it be represented by ax^ where a = density at distance 
unity ; 

.•. weight of element = irgai^xdw^ 
whole weight of fluid displaced = girafif^oodw. 

Now if 5C = A;, 

{k - a?)2 + y^ = a^ 
.•. weight = gairf\a^ -^ (Jc — ^)^| oodoD* 

Integrating this equation between the limits {k + a) an4 
(ft — o), we get for the whole weight of the fluid displaced, 

^gtra^ak. 
Now if )3 be the density of the solid, its weight i§ 

when therefore there is an equilibrium, 

a 

That is, k equals the ratio of the specific gravity of the 
solid to that of the fluid, at distance unity. Since fi^ka 
= density of the fluid about the center c of the sphere, it 
appears that the equilibrium will take place when the density 
of the sphere is the same with that of the fluid about its 
center. 



61 

The above is a particular case of the following general 
property. A body, of any form whatever^ will be in equi- 
librium in a fluid whose density varies as the distance from 
its surface, when it is immersed to such a depth, that its 
density is equal to that of the fluid about its center of gravity. 
Taking dM to represent an element of the volume of the fluid 
displaced, at the depth Xj its density will be represented by 
ax, and therefore the quantity of matter displaced by ax dm; 
therefore, the whole quantity of matter displaced, equals 
afxdM; or, calling x^ the depth of the center of gravity, 
we have for the whole quantity of fluid matter displaced, 
ax^M; 

.-. ax^M = fi.M; 

,\ ax^ = i3. 

Now, ax^ represents the density about the center of gravity 
of the body. Therefore, the density of the fluid about the 
center of gravity of the body, is equal to that of the body 
itself. 

It remains for us now to consider some of the cases 
involving both conditions of equilibrium. 

63. If the body be prismatic or cylindrical, (or in other 
words, if it be generated by the motion of a plane surface 
perpendicular to itself), and immersed so that its axis may 
be horizontal, or its two extremities in a vertical position; 
it is evident that into whatever position it be turned, its 
, center of gravity and that of the part of it immersed lie in 
the same vertical section, and in fact coincide with the center 
of gravity of that section and the part of it immersed. And 
further, the ratio of the mass of the whole to that of the 
part immersed is the same in both cases, the conditions of 
equilibrium are therefore the same in every respect. And 
the determination of the positions of the equilibrium of a 
body taken as above, reduces itself to the determination of 
the positions of equilibrium of one of its generating sections. 
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64. Ex. Let us take the ease of a triangular prism, 
and ccHisider one of its angles as immersed; by what has been 
said before, it appears that the conditions of equilibrium are 
the same as in the triangle. 

Let ABC 9 (Fig. 21.) be a triangular section of the prism. 
Now, it may occur that one^ or two oi the Terticei are 
imni«rsed; we shall deduce the conditions in the latter case 
from those of the former. 

Let a, bj c be the sides of the triaogle oppo^te to th? 
angles A, By C ; and a?, y the sides AP and AQ of the part 
of it immersed; 

.-. AABG = ^bc.^nA, 
A AQP = ^wy.sinA; 
.'. ^bc. sin A. D = ^wy .sin A. ly ; 

or, if (T ^ the ratio of the specific gravities, and therefore of 
the densities. 

bear = wy (l). 

Bisect the bases BC and PQ, in M and m; and take 
MM' equal to one third of MA, and min to one third of m J, 
then are M' and mf the centers of gravity of ABC and APQ 
respectively. And when there is an equilibrium, the line M'm 
is vertical or perpendicular to PQ- 

Now, since AM and Am are divided in Jf and m', in 
the same ratio it follows that Mm is parallel to M'ni^ and 
therefore perpendicular to PQ ; hence MP and MQ, are equal. 
And reciprocally if these lines be equal ; Mm^ and its parall4 
M'm are perpendicular to PQ. It is therefore necessary 
and sufficient to the equilibrium, that MP should equal JIfQ. 
Now, if MAP = i3, MA(l = 7, and AM = A, 

J|fQ2 = A^ — 2%cos7 + y^\ 
.*. x^ — 2hwcosfi 5= y^ — . 2A^co67 ^ (2). 
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The equations (l) and (2) determine the quantities co and y, 
and invdive the solution of the problem. Eliminating {tf) 
and reducing, we obtain 

^* — 2 A . cos /3 a?' + 2 bchtr . cos y^x — a^tf^e^ =*= 0. 

or, since k as 6cos/3 =s ccos«y; 

.-. J7* — 2bcos?fi.a^ + 26c*(rcos*7.^ — o^feV = (3). 

If the two angles S and C be immersed, since the centers 
of gravity, of the whole triangle JBCy and its parts \BCPQ 
and APQ are in the same straight line, and that the line 
joining the two first points is perpendicular to PQ^ it follows 
that the line M'm joining the first and last, is also per- 
pendicular to PQ. The equation (2) therefore remains; 
w and y being taken to represent the distances AP and JQ^ 
measured from the angle which is not immersed. 



Also, ABC . a = BQPC, 



^ABC - AQP; 



.-. AQP =^ ABC.il -<r); 

or, J7y =s= 6 . c . (l — <r), 

which differs from equation (l) in this, that (l — <j) is sub- 
stitute for (<r). With this change therefore, the elimination 
will be the same as that of the equations (l) and (2), and 
we have 

a?*-2fecos2/3a?' + 2ft€2(l-o-)cos27.cX?-(i-(7)^6V=0...(4). 

Now, every equation of even dimensions whose last term 
28 negntive, has at least two possible roots, of which on<s is 
positive and the other negative, the equation has therefore 
at least one positive root; the two remaining roots may be 
real or imaginary. If the four roots of die equation are 
real, it follows according to Descarte's rule of signs, that three 
of them are positive and the fourth negative; for whether 
we suppose the evanescent term of the equation (O.o?^) to 
have the sign + or — , we shall find three changes, and one 
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« 

continuation of sign. Hence it follows, since the values of 
as and y are essentially positive, that at the utmost the equa- 
tion cannot indicate more than three roots corresponding to 
different positions of equilibrium. 

The roots satisfying the conditions are further limited 
to such as being positive and less than 6, give by substitution 
values of y^ which are also positive and less than e. Since 
it is manifestly necessary that oo and y should be less than 
h and c respectively. 

What has been said with regard to the number of possible 
roots, applies to both the equations (S) and (4). It appears 
therefore, that for every angle and for every two angles of 
the triangle, there are three; and therefore on the whole, 
eighteen possible positions of equilibrium. 

Let us take the case of an equilateral triangle. Here 
(i ss y z= 30®, and a = b = c; 
therefore, by equation (2), we have 

(a?2 — y2^ — 2 A cos 30 (w — y) =: 0, 
(a? — y) {a? + y — 2a cos* 30} = 0, 



(w 



^y)hv ^y^-^i^O; 



also by (l), wy = <ra*. 

These equations are satisfied by taking 

0? = y = a^jV'^ 



and since »cr and therefore ^J (j is < 1, this value of (b and y 
is possible according to the conditions of the question, and 
indicates an actual position of equilibrium. The equations 
are farther satisfied by taking 



3a 
ccy s= o^cr, 



6d 

whmce we obtain values of x and y alternately represented 
by the formula 

4 

in the case of two angles being immersed, this becomes 

7{S± n/9- 16(1 -<y)h 

4 



or, -{3 + v^l6(r - 7} . 



Now, that the values of. the first formula may be real 
and less than (a), it is necessary first that 160- should be 

9 

< = 9 or <r< = —» 

16 

and secondly that 

is/ 9 — 160- should be < = 1 or, (T = > ^, 
since if this last condition be not satisfied, 

3 + ^9 - l6cr 

will exceed 4, and one of the quantities w and^ will be greater 
than (a). The linlits therefore of the values of o*, so that 
the equilibrium may obtain in an oblique position of the tri- 
angle, and when one angle is immersed, are 

— and — - 
2 16 

and similarly the limits when two angles are immersed, are 

— and -. 

16 2 

In order that the whole eighteen possible positions of 
equilibrium may therefore obtain, we must have <r = ■^, and 
a being without the limits 

'7 9 

— and — 9 
16 16' 

the tijjiangle will not rest in any other than its vertical positions. 

I 
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65. An irregular area floats upon a fluid, the part 
immersed being triangular. It is required ta determine the 
boundary of that portion of it which, in, its revolution about 
its center of gravity, will always be above the surface of 
the j9uid: or, in other words, to find the curve to which 
the line of flotation will always be a tangent. 

In any position of the area KACB, (Fig. 19-) let PQ 
be the line of flotation. Draw MN parallel to CB. Let 
the whole area =-4, CM=af, MN=y, AC=a, BC = b, 
CP^ay CQ:=fi; and let cr represent the ratio of the specific 
gravity of the solid to that of the fluid. 

^y^, — = ^ «• 

Also by the first condition of equilibrium, which is satisfied 
in every position of the body, since no vertical motion is 
supposed to take place, 

"-ajS sin C = -4(r; 
.-. ap= -: — --'ss.^t'^ suppose, 
a a a-^w tc 



)3 4c2 y 4c« 

Differentiating (by the method of parameters) with regard 
to the arbitrary constant a, 

(2) 



la 




y 2c« 




2c^ 
.•, a = — ; 

y 


• 


and by substitution in equation (l), 




2c^ w (? 




.•• xy = c% 
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the known equation to a rectangular hyperbola. By elimina- 
tion in equation (l), we obtain a? = ^ a ; therefore by similar 
triangles, 

66. To determine the positions of the equilibrium of 
an area taken as above. 

AC and BC being taken as before for the axes of w and 
y, let be the inclination of the normal at Ny or of the 
vertical, to CA, Also, let x^^ and y^^ be the rectangular 
co-ordinates of iV; 

.\ x^^ = a;-\'y cos C, 
y„ = y sin C; 

1 + -^ cos C 
ax ax 
.-. tan = — -z— = -J ; 

''^" ^ sin C 

dx 

but xy = c^ (1); 

dy c* 

dx x^^ 

ap' — . c^ cos C 
.-. tan0 = , (2). 

^ c^ sm C 

Also, if Cg be taken = |^CiV, ^ will be the center of 
gravity of the triangle PCQ. The co-ordinates of this point, 
taken parallel to AC and BC, are therefore ^x and ^y. 
Let G be the denter of gravity of the figure. The line Gg 
will therefore be vertical, or perpendicular to PQ, when the 
body is iii its position of equilibrium; and hence, calling x^ 
and y^ the co-ordinates of G, and observing that the inclination 
of Gg to AC is represented by ^, we have for the equation 
to Gg, 



2 sin / 2 \ 
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" y-- gy= ain C-tan . cos C r-" sV ('>' 

eliminating (y) and (tan (p) between the equations (l), (2) 
and (3), 

2 c* 0?* — c'cos C / 2 \ 
^' 3 w c«-a?«cosC \ ' 3 / 

whence, by reduction, we obtain 
3 3 

a?^ — - (^ +y^ cosC)a?^+ -(y, + a?^cos C) c^ar — c* = (4). 

^ <w 

The value of a?, obtained from this equation, being sub- 
stituted in (2), the value of ^ or the inclination of the side 
JC to the vertical is known. 

If the line joining C and G bisect the angle ACBj 
. drawing GH parallel to BC^ it is clear that 

CH^HG, or x^^y^. 

The general equation becomes, therefore, 

3 * 3 

a?^ — - a?^ (l + cos C) 00^ + -«r^ (l + cos C) c^x — c^ == 0, 

C 

or 0?^ — c* — 3a?^ . a? . (o?^ — c*) . cos* — = ; 

'2 

.-. or^ — c' = 0, 

C 

and j?^ + c* — Sa? ,00 cos^— - = 

' 2 

The first equation gives, by substitution in equation (2), 

^ 2 

Whence it appears, that the figure is in equilibrium when 
CG is in a vertical poidtion. 
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From the second equation w^ obtain 



a;z= ^of, cos"^ — f- v - ^/ cos C". 

If we draw GI at right angles to CJ, and represent CI 
by A, we shall have 



h = CG cos — = 2a?, COS" -; 

2 ' 2 

4 10 

or, substituting for € its value, 



4 - ^ 16 2 sin C 

Ex. Suppose the figure a sec^tor of a circle : 

. C 

sm — 

Here CG = - a . -■ — ~- ; 

3 C . 

. c c 

sm — COS — . ^ 

4 2 2 2 Sin C 
,•. /^ = p^ a . ~. — • = ^ tt — — — , 

3 C 3 C 

Also, A=:-a*C; 

2 

1 sin C . . /l -8in«C 1 , Ctr 

2 C ( "■ ^ ^ Vsin C/ 5 

An oblique position of equilibrium is therefore impossible, 
unless 

/ C V /sinCV 
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67- If the 'figure be a rectangle, one angle of which 

only is immersed. Making C = — in the general equation 

' (4), and taking w^ and y, respectively equal to the halves 
pf the sides a and 6 of the rectangle, we have 

4 4 

from which equation the value of is determined by substi- 
tution in (2). 

This equation must have at least one positive and one 
negative root. It may have three positive and one Negative 
root. There cannot, therefore, be more than three positions 
of equilibrium with one angle immersed. 

68. If the figure AKSC be inverted, so that the part 
not immersed may be in every position a triangle, the con- 
ditions of equilibrium are determined by substituting (l— cr) 
for (or) in the general equation (4). For the first condition 
of equilibrium is satisfied when 

Area PQBKA^^A.a, 
or when A — PQC ^ A .a, 
or when PQC = -i (l - o-), 

which is the same with the first condition in the former case, 
(l — or) being substituted for o*. 

Also, the second condition of equilibrium is tfie same 
in both cases. For if g' be the center of gravity of the part 
PKBQy it is clear that the center of gravity G of the whole 
will be in the line gg ; g'G is therefore perpendicular to 
PQ when Gg is perpendicular to PQ. 

69. To determine the conditions of the equilibrium of 
an area, the lower part of which is a rectangular parallelogram, 
two angles of which are immersed. 
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PQ (Fig. 22.) the line of flotation; M the center of 
gravity of the whole area ACDB ( = -4)j and m that of AQy 
the part immersed: 

Jfi = 2a, JP = \, BQ = X\ 

Draw MN and mn perpendiculars on AC, and join Mm. 
Suppose the body in a position of equilibrium, then is Mm 
perpendicular to PQ. 

Now, 



AQ.mn^AV . -^ AB -{■ PVQ . ^PF, 

3 

= -o«(2X'+X). 



Also, JQ.An-Ar.''Br + PVQ.Br + -VQ, 

= oX« + ia(\'-X) (X' + 2X), 
= -(X'*+XX' + X*), 

3 



g/ X''-X» \ 

"sVx'-x/ 

Now, AQ = Affi 
2a« 



.'. j»» = 



3^ 



(2X'+X), J„=— (^^,_^). 



Let the angle AKM^ which -4C makes with the vertical, 
be represented by Q\ 

... X' - X = 2 a tan VPQ = 2a tan ; 

also a (V + X) = ^Q = ^ . cr. 
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Let =2c; 

a 

.'. X' = c + atan0, 
X = c — ataii0; 



.-. f»» =s — (3c + a tan 9) ; 
3c^ 



and An = ~(3c^ + a^ tan-fl). 
6c 



Let J JV = w^ MN = y^ ; 

mn — JlfiV 
' AN -An 



.-. tanS = tanwJIf/[4 



' — (3c + a tan d) — t/^ 

.-. tan0= — 

Of ^ ^{Sc^ +a-tan^fl) 
' 6c 



whence by reduction we obtain ; 



C3c^ 6c w 1 ^ ^c(a — y) 

.-. tan^0+ \— -^■f2>tane+ g ^ =0 

If a line drawn through M parallel to AC^ bisect AB 



\ tan^ e + 


.'. tan0 = 


+ 
0; 


2^tan0 = 


0; 


tand = 




— 


— -2. 





If the whole figure be a rectangle, c •=^ h(r and ,r^ = - 5 ; 
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therefore, tan0 = ± V . — ^ (i — o") — 2. 

The equation tand=:0, indicates a vertical position. 
The last equation gives an oblique position with the following 
conditions. 1st, That the radical be not imaginary. 2nd, 
That the corresponding values of X and X' be positive. And 
3rd, That they be less than b. 

The first condition gives 

3feV, . 

-^(l--)>=2. 



or, <r* — cr =<--—; 



2 a^ 

3 V 

/i TUF 

The second gives, 

feo" — a tan fl > ; 
or, 6V >36V(1 - a) -2a^ 



3 ./P ^ 
8 ^ 64 2fe^ 



The third condition gives by a similar process, 

5 ./9 ^ 

It is clear that the third condition is involved in the 
second. 

In the case of the square 6 = 2 a, we have therefore for 
the conditions of oblique equilibrium^ 



12 



3 1 
— >— . 

8 8 

K 
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S 1 

Now, /r docs not lie betweoi - and - , anoe in that case 

o 13 1 

tfT'^^wouldbekss than or -; co n ti ai y to tke second con- 

S^^^^ 2 8 8 

ditioD. <r is therefore greater than - or less than - - 

Itis< = --hV/— ,or, > = V^- 

2 ^ 12* 2 ^12 



70. To determine the angle Mmky (Fig. 20.) at which 
the line Mm is inclined to the vertical in any given position 
of the figure ; 

-^(3c + atan0)-Sf^ 
tan MSK = tan mJffi = — 



T -~(Sc' + a*tan-0> 



_ 6c (a — y^) 4- 2a* tan 



rt . /> ♦ 



6c a;^ — 8c^ — a-tan-0 



tan Mmk = tan (0 — if^JiT) 



6c(i» — y) + 2a2tan0 
tan i ^^ 

6cafj^ 3c^ -^ o-tan«0 



6c (a — y^ 



tanfl + 2a*tan"0 



6caf, — 3c^ ^ a^tm*0 



_ — g^tan^fl + (6ca?^- 3c^- 2g^ tang- 6c (a -y ^> 
"" a^tan^e + 6c (a - y^) tang + 6c^^ - 3c" 

when the figure is symmetrical a =: y^; 

^, , ^ ^ -a^tan^e H- 6ca?, - 3e2-2a2 

.'. tan J/mft s tand. — ^-^ r— — ^ , 

a^tan^e + 6ca? - Sc^ 
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If a?, = - C, 
' 2 

,^ . tan^ fl + 2 ^ r. /.x 

tan ifmAp = — = - (tanfl -h 2cot0). 

tan0 ^ ^ 

As the body revolves through its successive positions of 
equilibrium, the angle Mmk vanishes. Between each two 
successive positions of equilibrium, there is, therefore, some 
position in which this angle is a maximum. In the ]^t case 
given above, the angle Mmk is a maximum when tan B = i^/2. 

' ^\. To determine the force Pg which applied horizontally 
and in the plane of the figure at the given point p, will 
produce an equilibrium at a given inclination of the axis 
Mfk to the vertical. 

Let a and )3 be the co-ordinates of p from M pn the axis 
^Ih^ 9P ^^^ directidn of the force on p ; 

.-. P X Mq ^ D.A.Wk, 

D being the density of the fluid. 

Now, Mq = acos0 + /3sin0; 



also. Mm- = {mn - JIfJV)* + {AN --^ Arif 
^ {6c(a - y^) + gg^tanep -f {Sc(2m, - c) --- a^an^g}' 

sin* Mmk = ^1 + cot^ Mmk] "^ 

"" ^-a«tan'0-f-(6cc!P^-3c2-2a«)tan0-6c(a-y^)) * 

Now, Jf Ap = Mm sin JIf mAp ; 

A.D 



P = 



6c (a cosfl + )3 sin 0) 



! {6c(a~y^)+2«Hang}"4^ {3c(2a?^^c)-g^tan^fl}^ ^* 
^ a^tan^g + 6e(q — y,)tang + 3c(2>y^ — c) j^'> , 
^'^|-aHan^0+(6ca7^-3c*-2a')tan0 + 6c(a-y^)) ) 



% 

If the body be symmetrical, or o = 
A.D 



4n*tan*0+ J3c(2fl?^ — c) — o^tan-fl}' 



■{.+c 



\ — (i-tan=0 + 6cx —Sc- 



When Q is exceedinfj; small, 

= ^—(Qcsu — 3c* - 2a^)e. 
Gca 

The force requisite to cause different areas taken & 
to revolve through the same exceeding small angle B, varies 
therefore, as 

which quantity may be taken as a measure of their stability. 
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The maximum value of P represents the force necessary to 
retain the body in that position in which the point »» is most 
distant from the vertical, through M. Any additional force, 
therefore, or the velocity communicated by the continual action 
of this through any previous period, will cause it to revolve 
beyond that position ; and (since the distance of the point (m) 
from the vertical afterwards diminishes), a fortiori through 
every succeeding position until passing through its next posi- 
tion of equilibrium, the point m falls on the opposite side 
of the vertical, and the force P is augmerUed by the pressure 
of the fluid. The motion of the body is therefore continued, 
until it attains its next position of equilibrium in an inverted 
position. The maximum value of P, ia therefore, that force 
hich is requisite to overturn the body. 

72. To find the positions of equilibrium of a cone.! 

Let wn (Fig. 31.) be the plane of flotation when 
me is in its position of equilibrium. Take CG equal to 
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£ths of the axis CD. Draw Ck to the center of the plane 
of flotation mn^ and take Cg equal to ^ths of Ck. Then 
are G and jr the centers of gravity of the cones ACB and 
mCn^ and Gg is perpendicular to mn. Also, Dk is parallel 
to Ggi {CG and Cg' being respectively Jths of CD and 
Ck)i therefore Dk is perpendicular to mn. And 

Let JD = BD = c, AC = CB = a, ACB = ji, 

f 

Cm=zw^ Cn=:y; 

c" , /? CD* 4o«-c* 
.-. CD^^^a" , and CD cos- =-777 = — ;; • 

4 2 AC ^a 

Now, Dm == Dw ; 

3 . — 3 

.\ r^— 2^ . CD . cos ^ = y*— 2y . CD . cos ^; 

2 ^ ^ 2 

/3 



.-. <»*— y* — 2 (^ — y) . CD . cos — = ; 

.-. a? — y = 0, (1) 

/3 



and ^ + y — 2 . CD . cos— = 0; 

4a2-c* 

Volume of cone Cwt^ = tt . i - ) = - cos- sm^— i^y) 9 

2 /3 \y/ 3 2 2 ^ ^^ 
12 cos^ — ^ 

2 

and volume of ACB = — sin^ - cos - . a^ ; 

3 2 2 

.-. a?y = a*(r^ (3). 
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Therefore, from the first of the equations, 
From the second and third^ 



4a 



y — . — y , 



CHAP. VL 

ON THS STABILITY OF FLOATING BODIES. 

73. If a body floating in equilibrium, and displacing 
therefore a quantity of fluid of the same weight with itself, 
and having its center of gravity in the same vertical line 
with that of the part of it immersed, be elevated or depressed 
through any given space, and at the same time made to 
revolve about its center of gravity through any given angle, 
so that its weight may be other than that of the fluid it 
displaces, and the center of gravity of the part immersed with- 
out the vertical line through its center of gravity : the equi- 
librium will manifestly be destroyed. The question of stability 
consists in determining whether the body, when left to itself 
under these circumstances, will continually recede further from 
its position of equilibrium, or oscillate about and eventually 
recover it. 

We shall in the following investigation confine ourselves to 
the case in which the first condition of equilibrium may be 
supposed to be satisfied in every position the body is made to 
assume, or its weight constantly to equal that of the fluid it 
displaces. 
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Def. The plane of flotation is the section of a floating 
body made by the horizontal surface of the fluid on which 
it flo^. 

74. If the floating body be homogeneous, the center of 
gravity of the whole is above that of the fluid displaced, 
which in this case coincides with that of the portion of it 
immersed. If the density of the lower portion be greater 
than that of the higher, the center of gravity of the body 
may lie below that of the fluid displaced. In fact, it is 
evident that the center of gravity of the body may always 
be brought below that of the 'fluid displaced, by diminishing 
the density of its superior portion and increasing that of the 
inferior. 

75. If there be a plane, with regard to which the parts 
of a body are symmetrical, any portion of it cut off by 
another plane perpendicular to the former will be symmetrical 
with regard to the same plane. Whence it follows, that, if 
a body thus symmetrical with regard to a certain plane, be 
partially immersed in a fluid, that plane being vertical ; the 
part immersed (or cut off by the horizontal surface of the 
fluid) will also be symmetrical with regard to that plane; 
and the center of gravity of the body itself and (in every 
position) of the part immersed will lie in it. For as many 
such planes, therefore, as can be taken in a body, there is 
at least one position of equilibrium. 

^6. ILetAVB (Fig. 23.) be the section of a floating body 
made by a vertical plane^ about which it is symmetrical; 
and let motion be communicated to it in a direction parallel 
to that plane. 

Now, the rotatory motion of the body about its center 
of gravity is the same as though that point were at rest, 
and the same forces applied. 

Conceive the center of gravity M of the body to be fixed ; 
and let n be the center of gravity of the p'art immersed, 
and MK and nk verticals through M and n. Now, when 
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the body is in a position of equilibrium, tlie point n 
the vertical Afi^- Conceive it to revolve out of such a po- 
sition about the point M. Then it is clear, that if the point 
n move in the same direction with the body in respect to 
MK, the tendency of the pressure of the fluid on n will be 
to continue its revolution; but if the motion of n be with 
respect to MK in a direction contrary to that of the revo- 
lution of the body, its tendency will be to check the revo- 
lution about M, and bring the body back to it» former positton 
of equilibrium. 

If, therefore, a force be made so to act upon the body 
as to move it ever so slightly from its position of equilibriiun, 
and then to cease; in the case we have first mentioned, ^ 
motion about M will be continued and continually accelerated, ' 
and in the other retarded and eventually destroyed. In tite 
one case, the position out of which the body has revolved 
is said to be a position of unstable, and in the other of staUe 
equilibrium. 



77' If) whilst the disturbance is exceeding slight, the 
point n remain at rest, or move wholly in the vertical MK, 
it is clear that the pressure of the fluid will have no tendency" 
either to restore the body to its position of equilibrium, ot 
to cause it to revolve farther from it. The equilibrium is, 
in this case, said to be one of indifference. The disturbance 
being, however, continued, this case will resolve itself into 
one of the former, or into a fourth case, in which the motion 
of the point n is in the same direction from the vertical, 
whatever be the direction of the revolution of the body. It 
is clear that in this last case the body will still farther recede 
from its position of equilibrium, or reinstate itself according 
as the disturbance is in the given direction of the motion 
of n, or in the opposite direction; and thus in one direction 
the equilibrium will be stable, and in the other unstable. The 
equilibrium may in this case be said to be of mixed stability. 

If the revolution be in either of the above cases continued, 
the distance of the point n from MK will at length have 
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attlfined a maicimuiir vahie; after pa!^ng through which it 
will diminish, and ultimately i^ain'vaindht^^'^en the center 
of gravity of the body and of the part immersed being again 
in the same vertical, there is a second position of equilibrium. 
The revolution being still farther continued in the same cK- 
rection; if zero be not a minimum value of the function 
expressing the distance mn, the point n will pass to the 
opposite side of the vertical, and mn will again increase 
negatively with regard to its former value until the function 
has attained its minimum, when n will again approach the 
vertical and cross it, the body passing through its third 
position of equilibrium. 

If zero be a minimum value of mn, the motion of n will 
be to V the same side of the vertical as before, or the position 
is one of mixed equilibrium. 

78. As the body passes through two successive pdsitiohs, 
in which the point n crosses the vertical j the motion of ttiAt 
point is in opposite directions, and is therefore alternately 
in the same Section with the revolution of the body, and 
hi the contrary direction; or the positions are one of them 
unstable and the other stable. 

If the seco'nd position be one of mixed equilibritfrii, the 
point n wffl not cross the vertical. If therefore, in thd 
succe^ing position it cross it, it will cross it in the same 
direction as it would have done immediately froni' its Gtst 
position, the Jlrst and ^AirdT positions are, therefore, in this 
case, one of them stable and the other unstable ; and generally 
the positions immediately preceding and following one or any 
number of mixed equilibrium?, are of alternate stability. 
Hence it follows, that the positions of stable a/nd unstable 
eqtriUbrium occur alternately^ although the converse of this 



* It is clear thftt the value o£ mn will (under all circumstances) 
vanish when the body has revolved back into its first position. 
The curve> which is the locus of n, either cuts the vertical 
therefore^ or touches it. 

L 



proposition, viz. that the positions of equilibrium are altcT' 
nately stable and unstable*, cannot be affinned. 

79- Let F'Q' and PQ be respectively the positions of 
the plane of flotation when the body is in equilibrium, and 
when it has been made to revolve about its center of gravity 
through a small angle Mfiti( = 6). Now, 

solid PFQ = solid FFQ'; ^H 

therefore, taking away the common part P(yQ^V, ^^H 

POffP" = QOC/Q'. 

The plane P'Q' having been horizontal, and therefore per- 
pendicular to the plane P'VQj also, the motion having taken 
place wholly in a direction parallel to this last plane, it 
follows that the plane PQ' still remains perpendicular to it. 
The planes PQ and PQ', and their common intersection 
00', are therefore perpendicular to PVQ. 

Now, if we take M to represent the constant volume of 
the part immersed, M . mn represents the momentum of 
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* This Isw of stability is that commonly given in works 
Hydrostatics. The following proof is supposed to establish it- 
Let the body be made to revolve out of one position at 
stable equilibrium into another. Now, immediately adjacent to 
ite first position, its tendency is to return to it, or to check the 
revolution; and immediately adjacent to its second position, it 
tendency is frmi the first position, or to continue the revolution 
and this tendency to revolution clearly passes through every degree 
of magnitude; there is, therefore, some intermediate poaidon 
passing through which it changes its direction and vanishes: and 
this position is one of unstable equilibrium. But it does not follow 
that between the two first positions there is not some other position, 
in passing through which the tendency to revolution vanishes with- 
out changing its direction. Such a position is clearly one of mixed 
equilibrium. 

The above proof establishes the law g'ven In the text, and no 



f. 
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PVQ about a plane »y perpendicular to the plane PVQ, 
and therefor^ parallel to OtX; 

.-. JIf . wm = mom". PC/tfV + mom*. QC/Q^. 

Now, let iV be the center of gravity of the solid PVQ[\ 
.-. M . rnn^ = mom"*. PC/Q^V + mom"*. PC/F; 



.-. M .nn^=^ mom"*. QO'Q' - mom"*. PC/F. 

Now, since the solids QOCH and POP^ are equal, the 
difference of their momenta with regard to a vertical plane 
in a given position, will not vary, if we suppose that plane 
to move parallel to itself into any other given position ; for 
it is dear that their momenta (being represented by their 
masses multiplied by the distances of their centers of gravity 
from that plane) will both be increased or diminished by 

the same quantity in such motion. Hence, therefore, M.nn 
equals the difference of the momenta of POP^ and QOtf 
about a vertical plane through 0&. 

Let afl' be an element of QC/tf contained by planes per- 
pendicular to PVQy and parallel to it; then is the solid 
content of ad' represented by 

ac' X a6 = -^ (ac + ac') ad . a6, 

* 

= -(ac + a'c') ah\ 



1 



= - iac + ac^ cd' . sin cos 0; 
2^ ^ 

therefore, momentum of ad' about a vertical plane through 

= - {ac -h oc')* . ccf . sin cos* 0, 
4 

ss (mom"*, of inertia of plane cd') . sin 61 cos^ 0; 
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t 

therefore, momentum. QOQ' 

= (mom", of inertia of plane Q[00f) . sin d cos^ Q. 

Similarly, 
mom". POP ss -^(mom". of inertia of plane POO) . anS cqs?S; 

.*. Mn^u 5= (mom", of inertia of plane PQ') . sin cos* 0. 
Aldo, 

solid adf = - (ac + ac) . ccf . sin cos 0, 
2 

== (mom", of .odT abpvit OC/) . gin cos ; 
therefore, whole solid QO(i = (mom™. Q[00/) . sin . cos 0. 

Similarly, 

solid PQP = - (mom". P'0(/) . sm . cos j 

.-. (mom*". Q'OOr) sin cos^ = -<mom". POOf) . sm 6> . cos <l; 
.-. mom". Q[0(y + mom". P'OO' = 0; 

therefore 0(/ passes through the center of gravity of the 
plane PQ[. 

Let now / represent the momentum of inertia of the plane 
P(i about the axis OfX, thus passing through its center 
of gravity. 



.-. nn = T' sm . cos* ; 
M 

.-. Na == rrz COS* 0^ 

M 

And if MN be represented by a, 

M^ = — cos* + a, 

M 

the sign + being taken according as the center of gravity of 
the body lies above or below that of the part of it immersed. 
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Since 6 is exceeding small, cos = 1 ; 

Now, if :the point n move to that dde ef MK towards 
which the body is revolving, it is clear that fi will lie below JIf, 
or Mfi be negative ; and if to the other^ side, positive. The 

equilibrium is therefore stable or unstable, according as r-- + a 

is positive or negative. If M/ul = 0, the equilibrium belongs 
to the ambiguous case which is ^d to be indifferent, but 
may in fact be stable, unstable, or mixed. 

80. If the part of the body immersed be a -solid of 
revolution, and the center of gravity of the whole lie in its 
axis, it will be cut symmetrically by any vertical plane 
through that point; and in whatever direction the disturbance 
takes place, the conditions we have assumed will be satisfied. 

Now, in this case, the plane of flotation will be a circle, 
and the axis of rotation OC/ its diameter. If, therefore, 
the radius of the plane of flotation be represented by (a), then 

/ = - Trd^ and Mu ss -r-^ + a. 

Ex. To determine the stability of a cone when floating 
vertically. 

Let a and a^ be the radii of the base and plane of flota- 
tion respectively, and 6 and b^ their distances from the vertex. 
And first, suppose the cone to float with its vertex downwards. 
The distaiices of the centers of gravity of the whole, and the 
part immersed from the vertex, are then respectively 

3 3 3 

4 4 ' 4^ '^ 

a 

Also, the whole and part immersed being similar cones, 
are to one another as the cubes of the radii of their bases, 
or of their altitudes; 
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Now, JIf = — -»•«,* 6,, 

and the negative sign is to be taken, since the center of gravity 
of the body clearly lies above that of the part immerised ; 

Suppose the cone to float with its base downwards. We 
have them as before, since the whole cone and the portion 
above the surface of the fluid are similar solids ; 

a; = a3(i_^)^ fe; = fe^(l-(r). 

Also, the distance of the center of gravity of the frustrum 
immersed, from the vertex 

"■46^3X3' 



Sb^-b'' 3 



a = - 



"-.--b, 



4&* — 6' 4 



_3 b;(b-b,) _ 3 b^(l - a) {b-b(l-a)i] 
**~4 6»-6/ ~4 6V ' 

ira*(l-ff)^ 3/1— (r\( , .-r? . 



-^wd^ba 
S 



-K~)K^O <•-"'- 4 
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Suppose a ss 6 ; therefore, in the first case^ 

3 
4 

The equilibrium is therefore stable, indifferent, or unstable, 
according as 

«r> = <| 

In the second case, 

and the stability is dependant on the conditions, 

7 
<r< = >-. 

From the above it appears that if in the second posi* 
tion the equilibrium be stable, it is unstable in the opposite 
position. 

Ex. 2. Let the body be a paraboloid immersed with its 
vertex downwards, axis = a, radius of base = h ; and let a^ 
and h^ be similarly taken with regard to the part immersed ; 

2 ' ' 2 
also, -^ = -- = parameter = 2 c ; 

.'. b* = feV, 



88 

* 

The stability i« ther«fi)ir6 determined by the coiidHicm^ 



/ 3CY 



81'. If the body or the part of it iminei'ded, be generated 
by the motion of a plane perpendicular to itself, aiid b6 so 
immersed that the generating plane may be in a vertical posi- 
tion, the plane of flotation will be a rectangular parallelo- 
gram; and it is clear that the conditions supposed, will be 
satisfied for a motion parallel to either of its sides*. Let 
these be represented by b and e, and let the motion take place 
parallel to the side h ; 

.-. / = — , 

12 

cb^ _ 

and MjuL = r^ + a. 

. 12 M 

Ex. Let it be required to find the stability of a r^tetati- 
gular parallelopipedon floating vertically on a fluid. The 
direction of disturbance being parallel to one of its sides. 

Take a, 6, c to represent the edges of the parallelopipedon, 
(a) being vertical. Let a^ represent the depth to which the 
body sinks, and ^ h the distance of its center of gravity from 
its base. 

Then, a^ ^h-^^a^j 

and M = a fie = abcar; 

cb^ 
.-. Ma = i (A — «.)> 

and a^ = aa; 



* Provided only the center of gravity of the whole be in the plane 
about which the part immersed is symmetrical. 
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and the stability is determined by the conditions, 

A < = > ^ — + acr. 

If the body be of uniform density, A = o, the conditions 
of equilibrium are, therefore, 

« < = > 2 — ■*■ ^^' 
* oa<r 

or, (-)> = < ^QtT (1 - cr). 
For the cube, we have 

2 ^12 

The conditions which have been shewn to obtain in the 
vertical position of the parallelopipedon, apply in a converse 
order to the oblique positions of equilibrium on each side of it. 

Generally, where the body is symmetrical, the oblique 
positions immediately adjacent on each side, to its vertical 
position of equilibrium, are clearly similar and of the same 
stability. In cases where such oblique positions are possible*, 
the intervening vertical position is therefore not one of mixed 
stability, since the positions immediately preceding and follow- 
ing such a position, are of opposite stability. 

It has been shewn that the equilibrium of a cube in an 
oblique position is impossible, unless 



~i = <v/i- 



Now, these are precisely the conditions, which obtaining, the 
vertical position is unstable or indiflFerent; if therefore, the 

* Unless they be both of indifferent stability. - 

M 
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If the equilibrium be doubtful, an axis may be taken, 
for which M fx vanishes, or about which the equilibrium 
may be mixed. To determine this axis, we shall have 

AT cos' >/. + AT' sin^ >/. 

M « = 0^ 

Thus, in the case in which the body is generated by 
the motion of a plane perpendicular to itself, 

sin yl/ zzz \/ —- -— - . 

84. If fi and /ul be the values of Mfi in reference to 
the principal axes of the plane of flotation, we shall have 






/ 

» 



M 

N cos^ \U-\'N' sin* yf/ ^ „ , / . « . 

.-. — h a- = /Li cos^ y + /I sm'* xj/ ; 

therefore, generally, 

M/iA = /u cos* yj/ -\- fi sin* ^l^. 

From which it is clear (as above) that, if /a and fi have 
the same sign, the equilibrium is in every direction stable 
or unstable, according as that sign is positive or negative: 
and that if . they have different signs, there are certain di- 
rections in which it is stable, and others in which it is 
unstable. 

Ex. 1. To determine generally the stability of a rect- 
angular parallelopipcdon. 
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Here the principal axes of the plane of flotation are clearly 
parallel to the sides; 

.•. /I = I A — aau 

naa 2 

c* 1 
JUL = (A — a<x) ; 

_ _ 6* cos' ylf-hc^ sin' >^ 1 ,, 

12acr 2 ^ 

If the horizontal section of the figure be a square, 

6 = c, and Mu = (A — ocr) ; 

12a(r 2 

or the stability is the same, whatever be the direction of the 
disturbance. 

Ex. 2. To determine the stability of an ellipsoid. 

Calling a, 6, c the axes (of which c is vertical), and a; 
the distance of the plane of flotation from the centre, we have 
(see Foisson, Mech. Art. 115.) 

,9 



3. / C'^Of^ \ 

a = - (c + J?) I — s 5 I > 



3 (cH-j?y 



4 2c + a? 
Also, the semi-axes of the plane of flotation are 

t(c^^af^)\ and ^(c^-a;^)*; 
e c 

4f c c 

= 7— (c* — o(r) . 
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4 

Also, JIf = -irabca; 

3 

m 

1 ab^ 

4 _ 4 (2c 4-^) 

--wooccr 

3 

^ *\ 2 ^« ^ (c +^ 
16 c^a ^4 (2c + d?) 

Similarly, 



16 c^cr ^ 4 (2c + a?) ' 
.-. Jf Ai = — — ^ (a* cos' ^4-6 sin- y) ^ 



l6c^cr ^ ^^4 (2c + ^) 

The value of a? is determined by the equation 

a?' — S^rc2 4-2c^(l -2(7) = 0. 

If cr =: ^, <r = 0, or the plane of flotation coincides with a 
principal section of the ellipse; 



3 (a^ cos* >^ + 6* sin' ylA 3 
.'. Mfi = = — — -c; 






oC oC 

If, therefore, c be the least of the three axes, the equi- 
librium is stable in every direction. If it be less than one 
axis and greater than the other, it is doubtful. 
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CHAP. VII. 



ON THE OSCILLATIONS OF FLOATING BODIES. 

• 

85. The motion of the center of gravity of a body or 
system of bodies, is the same as though the whole mass were 
collected in it, and the forces applied to the whole were made 
to act directly upon it. 

Now. the forces impressed upon a floating body are its 
weight and the pressure of the fluid, both of which are in 
a vertical direction. If, therefore, it be moved from its posi- 
tion of equilibrium through any space and then left to itself, 
no velocity having first been communicated to it, the motion 
of its center of gravity will be wholly in a vertical direction. 

Suppose the body PVQ (Fig. 23'.) after having revolved 
through an angle about its center of gravity M to descend 
until its plane of flotation is P''Q". 

Let S equal the volume of the solid, ^ the descent P"p 
of the center of gravity, and X>, X>' the densities of the solid 
and fluid ; therefore the impressed moving force 



= SDg-P"VQ['.iy.g 



= S.D.g-M + Pd'.D'g 



= -pQ".iy.gi 

also the momentum of the effective forces is represented by 
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df M 

I 

Now, if the oscillation be exceeding small, calling JT the 
area of the plane of flotation, P"Q" or PQ(,. 

PQt' = Kl; 

• df~~ IT^' 

(a) being the height of the center of gravity above its position 
of equilibrium at the beginning of the motion, pr its deptk 
below it; 









When ^ = 0, 



JTgxi 






It appears then that the time of .the body^s passing from 
its greatest distance to its position of equilibrium, is 



I ^ M\l 



i( 



Kg/ ' 



TT, 
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• 

and this expressioh being independent of (a) it follows, that, 
whatever the greatest distance may be, the time is the same ; 
and that the oscillations are isochtonous. Also that the time 
of an oscillation, or the time during which a body continues 
to ascend or descend, is represented by 



( 






Ex. Suppose the body a paraboloid of revolution. Let 
s be its axis, and b the radius of its base; also let y be 
the radius of the plane of flotation; 



also, 




6* 

9 

a 


• 
• • 


y^ = b^ 


'<r; 


.-. K 


= -ir6V 


\/<r; 



therefore, time of vertical oscillation 



= TT I I . (7*. 

\2g/ 

86. Suppose the oscillation to be finite, and let the motion 
of the body be wholly in a vertical direction ; 

.-. PQ" =fKdli 

-- df~ ^J'm" 

Ex. 1. Let the body be a cylinder. Then K is con- 
stant: 

' d^ M ' 

N 
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Mrhence proceeding lexactly as in the aase of -small osciUlttidns^ 
we find that a cylinder, to whatever d^th it may be plunged, 
if left to itse^ will oscillate isochronously, and that its con- 
stant .time of oscillation will be 

Kg g 

calling / the length of the cylinder. 

Ex. 2. Suppose the body a cone with itg vertex down- 
wards. Let c be its altitude, and 6 the radius of its base. 
Calling 00 the distance of the plane of flotation from the vertex 
of the cone at any period of the motion, and oo the value of 
a?, when the body is in its position of equilibrium, 

-7r6*c<r 
S 

Now, a? = d?^ -h ^ ; 

(Pa? a^ — 00^ 

" \dt/ c^'a 

a being the value of a? at the beginning of the motion. 
Now, 

.*. 00^^ = c'(7 ; 
{dw\^ _ (o* - a?^) -> 4c^g (g ■> 0?) 



9» 

^ The equation: . / 

(a* — a?*) — 4c'(r (a — ^) = 0, 

determines the value of or, for which the velocity is nothing, 
or the extent of the oscillation. It is manifestly satisfied by 
taking ar^=a according to the hypothesis^ or 

a^ + ax^ 4- a^x + a* — 4c'<j = 0. 

On the Oscillations of a Floating Body about its Center 

of Gravity. 

87. The motion of rotation of a body about an axis 
passing through its center of gravity, is the same as though 
that center were fixed and the same forces were applied. 

Suppose , the point M (Fig. 23.) to be at rest. And to 
take the simplest case, let the motion be parallel to a vertical 
plane,, about which the body is syxnmetrical^ so that the 
motion of the center of gravity n of the part immerse^ 
may be wholly in that plane. 

Now, "ilf being the center of gravity of the body, the 
momentum of rotation produced in it (about that point) by 
its own weight is nothing; and the whole momentum of 
the impressed forces about M arises from the pressure of 
the fluid, and is represented by 



MD\Mn'\g, 
or by 



Miy.g^^lia^Q*. 



* Since the momentum of rotation varies as B, the oscillation 
observes the same laws with that of the pendulum^ we may therefor^ 
at once conclude that it is isochronous^ and that its duration is ' 



Jew 



s/W^ 
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Aliso the momentum of rotation of the effective forces about 
a horizontal axis through Jf, is represented by 

SI(^ being the momentum of inertia of the whole solid. 
Whence, by D'Alembert's principle, we obtain 

The negative sign is^ taken, the position being supposed of 
stable equilibrium, and therefore the tendency of the force 
always to diminish the angle 0; 

6 being the amplitude of the oscillation. Calling (t) the 
time, measured from the instant of greatest amplitude. 



» i uus I —K.. •.••••. (1). 



k • 
t= M > === cos 

e 
g 



Since, when ^ = 0, 0=0, and therefore cos " ^ ( K ) ~ ^* ^^^ 
the value of ij when = 0, we have 

k 



^/(F^ 



Itt. 



g 



And this expression being independent of 9, it appears 
that the osciUations are performed in the same time, what- 
ever be their amplitude; and that the whole time of each 
oscillation is 

kir 



^(i^-)' 
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When -i7 T a is negative, the integral (l) becomes a 
M 

logarithmic function; and Q continually increases with t^ or 

as we have shown before, the equilibrium is unstable. 

Ex. Find the time of a small oscillation of a cylinder 
floating vertically. 9 

Let w be the distance of any transverse section of the 
cylinder from its center of gravity ; and let a be the 
radius of its base and b its height. Now the momentum 
of inertia of the section about its diameter is ^Tra*. About 
an axis parallel to its diameter, therefore, and through the 
center of gravity of the cylinder, at distance ^, its momentum 
is ^Tra* 4- ira*^. And hence, passing to the whole momentum 
about this last axis, we have S1^. •= J'i^ira^ -{- ira^aF) dw. 
And taking the integral from ^= +-J6 to ^= —-^65 

^4 12 5 

... ]^^la^^Lh\ 

4 12 

Also, / = - Tra* ; 

4 

' M" 4fba' 

And the depth to which the cylinder is immersed when in 
its position of equilibrium, is ba; 

.*. a= -^6(1 — <r); 



/ ia' + ifc' 
/ 4 12 

V C a* 1 _ 



^ = 7r\/ 



(3a''\'b^)ba 



\3a^^6b^(rii-<r)]g' 




88. Let us now proceed, more generally, to consider 
the oscillations of a floating body, whatever may be the 
direction of the digturhaDce. 

Let us suppose the ■ volume of the part immersed to 
remain constant durine the revolution of the body. In its 
motion, from its positioirof equilibrium, let the body describe 
the angles X, Y, Z, about the rectangular axes Jl/<t, My, Mz, 
passing through its center of gravity M, of which let the 
axis Mm be vertical. 



Let PQ (Fig. 23.) be the position of the plane of flota- 
tion after the body bas revolved about the axis My through 
the angle Y, and P(y'Q0" (Fig. 23".) that after it has re- 
volved about tbe axis Mm through the angle X. 

Now it is clear, that if in any position of the body a 
motion he communicated about the axis of a, the part im- 
mersed wilt remain unaltered, and therefore the impressed 
force and effective motion of the body in describing the 
angles X and Y, will be the same as though no such motion 
had existed. 

Let us suppose the motion to have been wholly about 
the axes .v and y, so that POi'QyO" (Fig. 23'.) may be 
the final position of the body. 

By the revolution about the axis My, the part im- 
mersed is increased by the sector Q.O'Ci, and diminished 
by the sector POfp; and in the revolution about Mx, it 
is farther increased by PO"QO, and diminished by PO"'Q(/. 
Therefore, on the whole, the part immersed equals 

P'VQ'-i- QOQ' - POP' + OPO" - O'PO"'. ^1 



Now, the axes 00' (Fig. 23.) and PQ (Fig. 23'.) are clear^ 
parallel to My and M.v respectively; the difference of the 
momenta of the equal sectors POP' and QOQ' about the plane 
xy, is therefore representeil (Art, 81.) by / sin K cos" K; 
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luid the difference of the momenta of OPO" and O'jPO"' about 
«w bj /'sin X cos ^X\ I and F representing respectively 
the momenta of inertia of the planes P^OQ'O' and POQO' about 
the axes OC/ and PQ. Or if X and Y be exceeding small, 
these quantities are represented by lY and rx, where / and 
^ r are the momenta of inertia of the plane P'Q! about its 
axes 0(y and P'Q'. 

Let dX represent any element of the plane P'Q', and 
let Ap be the distance of the axis 00' from the plane xy; 
then momentum POGlP — momentum QQ&i^ about plane 
«w^=sak Fcos YjXk^ai) ydK. Juei JXk — ai) ydK be repre- 
s^ited by N', and let N be similarly taken with regard to 
the plane «y and the solids OfPOt^'^ OPOf'. Then momentum 
OPa'Q, - aPa^Q, about sf y = JV sin X cos X, 

Now the momentum of the impressed force about xy 

:=mom"'. PTQ' + mom"^. QOQ'- mom". POP 

+ mom". OPO"- mom". OPO" 

^\aYM^IY^liX\ Dg. 

Similarly, the momentum of the impressed force about %{v, 

^laXM + rX+lTY} Dg. 

"Now let of^ y^ %^ be the co-ordinates of any element dm 
of the body. 

Then by the general equations for the motion qf a solid 
body about its center of gravity, we have 



/ 






P'^\-J'^^' dm= {{aM + n X+N'Y] ag. 
^ dr 
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Let asy 9 have been the co-ordinates of the point {p^ y^ z) 
or the element dm, when the body was in its position of 
equilibrium. To detennine the values of a^ y^ x^ in tenns 
w y X, suppose the body to revolve about the axis Ox (Fig. 13.) 
through an angle JBOQs^Z. It is clear that the value of 
X will remain unaltered. 

Let «a?,, y^ be the new values of w and y, 
.-. w„:=^OR. cos RON= OQ . cos {QOM + Z), 

= 0Q . cos QOJf . cos Z-OQ sin QOM sin Z, 

= /p cos Z — 9 sin Z \ 

y^=OQ sin (QOJf+Z) i (l.) 

=y cos Z + a? sin Z J 

Let the body now be supposed to revolve about the axis 
Oa through the angle JT, and let x^^ and y^ be the corres- 
ponding values of x and y^. Then, as before, 



x^ = x cos Jf— y^^ sin Jf 
yf/=^y^f cos X^.x sin X 



j (2.) 



Let the body now, finally, revolve about Oy, x^^ and or,, 
becoming x^ and o?^. 



« ssijf . cos F— 0? 



// 



• sin F^ 
,. sm FJ 



a? =af,, cos F+» 

Eliminating the values of w^^ y^^ x^^ between the equatipns 
(l), (2), (3), and observing that since Jf, F, Z are exceedingly 
small, we may consider them as equal to their sines, re- 
present their cosines by unity, and omit terms which involve 
their product; we obtain 

^^ = 47 — yZ -^-xYj 

y,=y-\-^z +xXj 

^^ = 5r — yX-- ,v Y. 
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Differentiating with respect to the time, 

dx^ _ dZ dY 

It ^■'di'^''dt' 

dy dZ dX 

dt dt dt 

dx^_ dX dY 
dt dt dt 

therefore, omitting the terms involving X, Y and Z, 

wdz, ,dY dX 

' ' =i —a — — — wy — — , 
dt dt ^ dt 



xdw, . dY dZ 

-df^+'lt-'^lt' 



dt ^ dt **' dt ' 



xdy^ , dX 



dZ 
dt dt dt 



wdy, . dZ dX 

dt dt dt ' 

ydx^ ,dZ dY 

x^^y-y,d^ai, , , ^d^Z d^X d?Y 

d^ ^ ^ ' df ^ df ^ ^ df ' 

« d«x -»,d«« , , . o^ d*-K' tPy d^'Z 

' d^ --^'^^-dfyi^-'''-df' 

d^y ., o o. . ^X „ , d^Z ^ , 

~ IF "^^ "*■ ^ ^ "d?" z*^'^'" + "d? y*»<^"» 

O 
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f(f + ^*) dm — -j^fwydm 



cP2 



df 



de^""" df 

= {aM ^' I") X + NY] <Tg. 



Jsswdm 



Let the integrals/(j?*+y^) dm,f(/ff^+x^) dm,/(y^-\-ss') dm 
be represented by A, A\ A' respectively, and Jzwdm^ Jssydmy 
f soy dm by B, ffy ff'. Also let Nag, N' erg, (aM -h T) ag, 
(qM+ T) ag be represented by C, C, jD, Zy respectively, 



df ^ df dt 



df ^ df 



(P'7 



,„d^X ^;<PF „ 



d<« 



d^ 



d«* 

flPZ 
d<« 



r •••••^^•y 



+ CF + jyx = 



d'Z 
Eliminating -73-, we obtain 



df "*" 



d«r 



+ 



CJ^ 



DAY 



AB" + BB' ' df Aff'+BB "^ AB'-\^BB 



d^X ABf' + BB' tP Y CAY 



df 



+ 



+ 



+ 



D'AX 



AA"-B' df ^ AA"-B* ^ AA"-B' 



= 0, 



= 0. 



To integrate these equations, let them be added, the first 
having been multiplied by the indeterminate quantity /u. 



Jf 



M 



AA'-B^ AB' + BB 



+ 



^imm 



CA 



M 



+ 



AB' + BB^ AA" - B d^'Y 

"df' 

CA 



M + 1 



LfA 



DA 



M 



- 



+ 



AB' + BB ' AA'-B „ AB' + BB ' AA'-B^ ,, 

+ — :: X^; — , Y 



M + ' 



M + l 



Let the two last terms of this equation be identical 
with ^{X-\-\Y) where X represents the coefficient of the 
second term; 
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AA'-ff* AB' + Bff 

^ ^ABT + BB'^ AA'-B" 
.: X = . — ■ — , 

M + 1 

CAfi OA 

+ 



« 



ABT-k-Bff AA'-BT- 

€ = • J 

/tt + 1 

DA(x CA 

AB' + Bff ■*" AA'-B" 



X = 



Let X, X', e, e, be the values of X and e resulting from 
these equations. 

Assume -^ = X+\Y and -x/^'ss^ + X'F; 

Let DOW a /3 7 be the initial angular velocities about 
the axes x y z-^ and ^ ^ the corresponding values of —- 

and -~'^ so that when yb and >^' = 0, -—!- = a + X/3 = % and 

-^ =a + X'/3 = 'i^'. Therefore integrating the above equa- 
tions. 



(S)'-^=*-> 



'1' — 

.•, >^ = JT + X F = — jp vers t ^ e. 
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. J- ^ _ \'f"ersl^ 7 X.f.v 

y _ 'i' vers t „yT _ 'I'' . vers t ^e' 
Integratmg the first of the equations (A), 
X'.+ ^Z + Bjr-S'I' 



. X=- 



X . f. ^Z + -BX- «■!' 



(X-X')V«' Ay + Ba-Bji 

* ^Z + Bjr-ST 

= ; = . vera ;— 

(X-X)^ Ay+Ba-B/i 

y AZ + BX-BY 



JJ, 



(X-X')Ve' ' Ay + Ba-B'li 



y?. 



By which equations the motion of the hody is completely 
determined. 

It is clear, that as long as e and e are positive quantities, 
the corresponding integrals are circular functions, and, there- 
fore, that the values of JT and V for certain values of i per- 
petually diminish, or that the body, when left to itself, after 
oscillating ahout its position of equilibrium eventually returns 
to it. The equilibrium is, therefore, in this case stable. 
But if the quantities e and «' be, one or both, negative, then 
the con-esponding values of JC and V are both logarithmic 
functions, and after a certain period increase (positively or 
negatively)* with the time, or the equilibrium is unstable. 



' After disturbance, the body may in this case once pass thraurii 
its position of equilibrium, X and Y vanishing. The motion, bow- 
ever, will be continued through it, thest quantities aflerwards in- 

creaang negatively with the time. 
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Let us take the case in which the axes oi w y and « are prin- 
cipal axes of rotation, and in which the principal axes of 
the plane of flotation P'Q' are in the planes xw and %y. A 
case which manifestly occurs where the body is symmetrical. 

Here 5=B' = iB*' = 0, C=C = 0; 



2 



^ /A\i /D\i 

r=0(-)v«»(j)<, 

The equilibrium is stable or unsta|;)le, according as D and 
ly or (aJlf + /) and (aM + F) are positive or (one or both) 
negative. It is clear that the equilibrium can be unstable 
only in the case in which a is negative, or the center of 
gravity of the body above that of the part immersed. 

The motion of the body is determined by the equations 

r = ^(-) vers(-)-, 
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CHAP. VIII. 



ON THE EQUILIBRIUM OF VESSELS CONTAINING FLUID. 

89. liET the vessel PAQ (Fig. S2.) containing fluid be 
supported by a horizontal plane with which it is in contact 
in the point H. 

Let M be the center of gravity of the vessel, and N that 
of the contained fluid. Draw the vertical HR and Mm, Nn 
perpendiculars upon it. Now calling A the mass of the vessel, 
M that of the contained fluid, and a the ratio of their spe- 
cific gravities, it is clear that since there is an equilibrium, 



Nn . Jf = Mm . A .a-* 

Ex. 1. Conceive the vessel to be generated by the motion 
of a parabola perpendicular to its plane. Draw HL parallel 
to the axis AR and PL perpendicular to HL. Let the in- 
clination of AR to the vertical = 0, and'SH^r; 



.-. M=^PAQ= -HK.PL. 



Also PL^==4>r.HK; 



3 



il "f 



r" 



<")' .. Ki*r. 



.-. HN = ^-HK= '" ^ ^ ; .-. Nn = ^" . ' . sin B. 

5r^ 5r 



\ ■ 



Ill 

Again, SR^SH==r. And, if AM^h, and 40 be tht 
lattis recttim of the parabola, SM=^h^c; 



.-. RM=:ir + C'-h; .-. Jfm=5(r + c— *) sin 0; 

My 

. sin . M= (r + c — A) . sin '. J . 0- ; 



or . 



5r' 



....*+(o-a;.-4--£(?) 



^ — = 0. 

Air 



Ex. 2. To find the oblique position of equilibrium of 
a vessel in the form of a rectangular parallelopipedon con- 
tidning fluid. 

Let B (Fig. 29') be the angle on which the vessel is 
supported. Draw the vertical Bit, and let M and m be 
respectively the centers of gravity of the vesfd and fluid. 
Draw MM' and mm parallel to AB ; 



.'. mm' . M = MM' . Aa» 
Now adoptiDg the notation of (Art* 71«) 



mm' ^nm' -^nm^^a — An tan O-^nm* 

Also (Art 71.) 

Si? + a^ tan* ^ a . ^^ 

An = , and mn « — iSc + ^ tani9), 

6c 2c 

where e mt — , 
a 

Also, if 4V^ and y^he tkm e<Mwdifiale« of Mf 

MM'^y^'^w^imB'^^a; 

... Jge . , , , ■■■ ^ —($c^aim0)\ M 
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whence, by reduction, 

\ a^ a . / \ or a/ 

If the weight of the vessel be neglected, of^ and y^ yanisb, 
and we have 

tan^e+ (— + 2j tan 0-6 (—2- +-1=0. 

90. The above problems bear a close analogy to that 
case of the equilibrium of floating bodies in which the body 
partially rests on the bottom, or is attached to it by a cord, 
as in the case of a buoy. 

Ex. 1. To find the position of equilibrium of a conical 
buoy whose vertex is retained at a given d^th. 

Let-4CZ)(Fig. 31.) = a, CM=a, MCD — Q, CD=^b; 

.'. Jfm = a tan (d — a), Mn = a tau (9 -j- a); 

If x/^ V . rrx x> atanSsec^a 

.-. ilffc = -«{tan(g-a) + tan(e + an = ^_^^,g^,^ . 

Now if (y be the center of gravity of the cone and g that 

3 
of the part immersed, Cg = - Ck ; 

4 

«^ ^3^, ^ « tan . sec* a 

.'. My = - Mk = - 



4 4 1 — tan^ 9 . sec* a ' 

Also, Cm = a sec (0 — a) and C/i = a sec (d + a) ; 
therefore, content of cone Cmn 

= -^ COS a . sin* a . a^ {sec (d + a) sec (d — a)}*, 

__ TT 3 sin* a . cos a 

■" 3 ^ ' {cos* 6 . cos* a - sin* sin* a} i ' 

TT , tan* a . sec^ 

3 * {l — tan* a. tan* 0}** 
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Also CG^^^b; .-. CN=-b sin 9; 

4 4 



cone CAB = - 7r6' tan* a ; 

3 



TT 4 tan* a sec* a . sec* . sin tt ,4 ^ ^ . ^ 
- a . — — = - 6 . or . tan* a . sm ; 

^ |l-tan*0.tan*o}^ * 

a* sec* a • sec* -4 

... _ — : 5' Q>, 

^l-tan*0.tan*a} 

Let AD=iC, and assume 1 — tan* 9 tan* a^^a^f whence 

- a* sec' a 4 2a* sec* a ^ a* sec® a 

ar^ 5 0?* + 7 w* 4 = 0. 

c V c V e (T 
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On the Stability of Vessels containing Fluid. 

91. If H (Fig. 23.) be the point in the surface of the 
vessel in contact with the plane on which it is supported, it 
is clear that the body when left to itself, will tend to return 
to its vertical position, be indifferent to motion, or recede 
further from it, according as 



My .Aa > = < y/uL . M. 

Hy being a vertical through H^ and n^ through the center 
of gravity n of the contained fluid. 

Now the disturbance being small, JV/i = -- (Art. 80.), 

M 

where / is the momentum of inertia of the surface of the 

fluid about an axis p&ssing through its center of gravity, 

and perpendicular to the direction of the motion: also y is 

the center of curvature. Let F'y = 'y, VM^k, VN^^k; 

J • 
r.My — y-^K, 7M = j^-(7-"0» 
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therefore, the equilibrium is determined by the conditions 

(y-K) A<r > = < /— (y — K) M. 

Ex. In the paraboloid of revolution, if 4c represent the 
latus rectum, and a?^ the distance of the surface from the 
vertex ; 

7 = 2c, K = -d?^, Jlf=27rc/r^^ I=4firc^af\ 

The conditions of stability are, therefore, 

(2c -k) A(t>^< 4-7rc^^/ — f 2c w\ ^ircw^. 



4 



> = < - Trca)\ 



92. Suppose the vessel AP (Fig. 34.) to rest upon the 
curved surface A' P. It is required to determine the con- 
ditions of stability. 

The vessel having revolved slightly from its position of 
equilibrium, let Q be the point of contact of the two surfaoes* 
Draw the normal yQy. Then are 'y and y the centeris of 
curvature at A and A\ Draw the vertical QK, and let Jf, N, 
and fjL be taken as before. Now it is clear that the vessel will 
tend to return to its position of equilibrium, be indifferent 
to further motion, or tend to continue it, according as 



MK.A(T>^< fxK.M. 
Let AM=Ky AN=^k\ Ay^^y, A'y=iy. 
The conditions of stability are, therefore, 

{AK^k) . Ac > = < ('c' + ;^ - ^^) M, 

.^^ A(TK + Mk + I 

or AK > = < -. zrz . 

A(T + M 
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Now by ^ 7-^7' and y'KQ. Since A and A' may be 
considered as coinciding, we have 

7 + 7 
The Conditions may be reduced^ therefore, to 
1 1 A(T-¥M 



-+>-,< = > 
7 



y A(TK + Mk + / 



CHAP. IX. 

GENERAL EQUATIONS OF THE EQUILIBRIUM OF FLUIDS. 

93. To treat the question in its most general form, 
we shall consider a fluid mass which may be either homo- 
geneous or heterogeneous, compressible or incompressible, 
and which has all its particles impelled by given accelerating 
forces. It is proposed to determine the conditions of its 
equilibrium. 

94. Let PQ (Fig. 11.) be a parallelopipedon of the 
fluid contained by planes parallel to the rectangular co-ordinate 
planes a?y, %x^ %y. Let .r, y, ^, be the co-ordinates, JT, F, Z, 
the accelerating forces, and D the density at P. Also, let 
A 07, Ay, Aar represent the edges of the parallelopipedon, 
and p the pressure at P referred to an unit of surface. 
Further, let it be supposed that the accelerating forces 
X^ F, Z, and the density D are the same for every point 
of the parallelopipedon. 

Intersect the mass PQ by a plane MN parallel to either 
of the co-ordinate planes, as %y. Now the increment of 
pressure generated on MN by the action of the force X 
on the fluid mass PJIf , is represented by 



X.D . PN . MN; 



and this pressure is propagated throughout the fluid NQ, 
and produces, on every point of it, and therefore at Q, a 
pressure which, referred to an unit of surface, is represented by 

X D.PN. 

Hence it is manifest, that if MN be made to move up 
to Q^, the increment of pressure generated at Q by the 
action of the force JC on the whole mass PQ, and referred 
to an unit of surface, is represented by 



X.D . PQ', 



.Y .D. A.r 



I 
I 



Similarly, the increment of pressure generated at Q by 
the action of the forces V and Z on the mass PQ, 
spectively represented by 

r . D . Ay and Z . D . Ax. 

Therefore, on the whole, there is generated at Q by the jomt 
action of the forces JT, V, Z on the sohd PQ, an increment 
of pressure, which, referred to an unit of surface, 
presented by 

XDA.V + YD Ay + ZDAx. 
On the whole, therefore, the pressure taken on the hypotl 
that the accelerating force and the density arc the same 
throughout each element, is represented by 

2Z» \XAx + YAy + ZA»| . 

Now, according as Aa:, Ay, AiX diminish, does this hypotheas 
approach to the case which actually obtains, of a continually 
variable force and density, a limit which it never actually 
attains for any finite values of these quantities; we have, 
therefore, acciu'ately, 



p =fD\Xdiv + Ydy + Zdz\ ' 



..C"). 



* The following method of investigating the above equation is 
exceedingly simple. If P (Fig, 13.) be an elementary plane any- 
where situated in a fluid acted upon by forces X, Y, Z respectively 
perpendicular to the planes zy, =j, .ri/. And the fluid being inter- 
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The integral may be taken with regard to any series 
of consecutiTe values of w, y, «. It appears then, that 
the pressure taken with regard to every such series of values 
of w^ y, X, or in other words, the pressure of every line of 
fluid particles terminating in the given point, is the same. 
This principle has been assumed by Newton as a basis to 
the theory of the equilibrium of fluids. It is clear that 
the assumption will at once lead to the above equation. 

95. Wherever an equilibrium exists, the above equation 
has been shown to obtain ; it is therefore a necessary condition 
of equilibrium. Now this equation becomes impossible when 
the right hand member is not an exact differential. It is 
therefore an essential condition of the equilibrium of a fluid. 



sected transversely by a plane passing through and parallel to zx, 
let the whole of the fluid beyond this plane in the direction OM, be 
supposed to become solid^ excepting only the uniform column QMa, 
and which is carried parallel to ^ O^ to the surface of the fluid at a. 
The pressure on P will then remain precisely as before. Now, the 
column aCi exerts on Q, by reason of the accelerating force F, a pres- 
sure which, when referred to an unit of surface, is represented by 
fYdy; and this force being propagated through the fluid, there re- 
sults from it an equal pressure on P. And this is the only (appre- 
ciable) pressure generated by the force Y upon P. For the whole 
pressure on P results from the pressure of the fluid column a Q, and 
the fluid lying in the direction of the axis of y from the plane of in- 
tersection. Now, this last fluid can, hy reason of the force Y, produce 
no pressure whatever 'on P, since the direction of the pressure gene- 
rated in it by Y is directly from that surface. Hence, therefore, it 
appears that the whole pressure generated by the force Y upoti P, is 
that of the fluid column Qa, and represented hj/DYdy. Similarly, 
the pressures generated upon P by the forces X and Z, are respec- 
tively /DXrfar and/DYdy; and therefore, calling the whole pressure 
upon it, referred to an unit of surface, jp, we have 

p z=:fDXdx +fDYdy +fDZdz 
=:fD [ Xdx + Ydy + Zdz}. 
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that its density and the farces impressed upon it, should 
be such as to render the expression 

D {Xdao + Ydy + Zd%) 
an exact differential. 

96. From this condition we obtain, by the applicaticm 
of the known rules, {Lacroiofy Calc. Integ. 307*) the following 
equations, which involve all the conditions necessary to the 
equilibrium of fluids, as it regards their density and the 
forces by which they are acted upon; 

dPX _ dPY dPX _ dPZ dPY _ dPZ < 

dy dx ' d% d«r ' dw dy 

We may eliminate P by performing the differentiations 
indicated, multiplying the equations respectively by Z, Y 
and X^ and adding them together. Whence 

xl^^^—\ j^/dZ_d^\ /d^_dr\ 

\d% dy) \d(jD d% / \dy dxJ ' ^ 

an equation which establishes a relation between the forces 
JIT, F, Z necessary to their producing equilibrium, whatever 

be the density of the fluid on which they are impressed. 

• 

97* I^et us now consider a surface taken in the fluid, 
on every point of which the pressure is the same. It is mani- 
fest that since for such a surface p is constant, dp = o ; and 
therefore, 

Ydx + Ydy + Zdz = (^. 

It is therefore a further condition of the equilibrium of a fluid, 
that such an arrangement should exist among its parts, as 
that taking a series of points in it, on all which the pressure 
is the same, these points should be found in a surface, 
determined by the above equation. Any number of such 
surfaces of equal pressure, will manifestly be formed by 
assigning different values to the arbitrary constant, which 
enters into the integral of this equation. 
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98. In all cases of attraction or repulsion directed 
towards fixed centers of force, in which the intensity is a 
function of the distance, the quantity Xdx + Ydy + Zd« 
is an exact differential. {See Poisson, Mecan. No, 225.) And 
in this definition are included, all the forces in nature which 
can be made to act on the particles of a body at rest. We 
may, therefore, generally assume 

Xdw + Ydy + Zd« = d^, 

and, dp = D.d<p.». (o); 

hence it appears that the product D.dip^ or the quantity 

— must, in order that the equilibrium may obtain, be an 

exact differential. In the former case, D is a function of 0, 
and may be any function of that quantity; in the latter, it 
is a function of (p), and therefore also a function of <p. 

_ » 

99* In either case therefore, it appears that an equili- 
briimi cannot exist, unless p and D are both functions of ^, 
and therefore of one another; and that when p is constant, 
JD is also constant; or that all sufaces of equal pressure, are 
also of uniform density. Hence, therefore, we gather, that 
a heterogeneous fluid is disposed when in equilibrio, into a 
series of homogeneous strata, contained between surfaces, on 
every portion of each of which the pressure is the same^ 
and whose form is determined by the equation (^). The 
above conditions with regard to tiie distribution of the parts 
of a fluid mass, and the variation of its density, include 
all that is necessary to equilibrium, in such fluids as are 
presented to us by nature. 

100; In the case of incompressible fluids, Dd<j) is an 
exact differential, and therefore the equilibrium is possible 
if D be any function whatever of (p. It appears then, that 
the forces being given, the density of the fluid may be taken 
to vary, according to an infinity of different laws, with regard 
to all which the equilibrium will be possible. If the fluid 
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be elastic, D is exclusively a given function of the pressure, 
and varies in all known fluids, directly as that pressure; 
the fprce being given, it must therefore always vary accord- 
ing to a given law, that the equilibrium may be possible. 
. » 
101. If = c be the equation to a curved surface, 
referred to three rectangular co-ordinates, the cosines of the 
angles which the normal to a point (^, y, x) make with the 
axis, are respectively 





\dz) 



Now, in the surface determined by equation (^, 

ef0 d(f> d(f> 
doD ' dy d% 

are respectively equal to JT, Y^Z\ the three quantities given 
above, are therefore respectively equal to 

X Y Z 



Now, these are precisely the cosines of the angles, which the 
resultant of the forces on the point (a?, y, %) makes with the 
axes. The resultant coincides therefore, in direction with 
the normal, and at any point of a surface of equal pressure, 
is perpendicular to that surface. 

102. If the extreme surface of a fluid be free, or sustain 
no external pressure, or if it sustain on every point of it the 
same pressure, it is manifest that for that surface dp =: 0; 



ISl 



and that it belongs to th^ class of what we have defined to be 
flu&ces of equal pressure, and is determined by the equation 

Xdw -h Ydy + Zdx = 0. 

£x. Suppose a fluid to be acted upon by forces tending 
to a fixed center, and equal to /r, a function of the dis- 
tance r. Suppose the fluid incompressible and of uniform 
density, and first let us shew that in this case the equations (tt) 
are satisfied, and the equilibrium possible. Resolving the 
forces on the point (^, y, «,) in the direction of the axes, we 
bave 



r r r 

dX ^ dfr dr X ^ *^ ^^ 
dy dr dy r 'T dy 



And similarly. 



dY 



dx 



^ ^y C d/r ^ A? 
r* ( dr r ) 



dr diV r 



dfryxyw 
dr T r r r 



r* ( dr r 5 * 



^ . A 
dr 

' ' dy dcD^ 
and similarly it may be shown that 

dX^^dZ dY _dZ 

dz dw dx dy 

ifid the density. Z> is constant; therefore it is manifest that the 
equations (it) are satisfied in the case we have assumed. 

Q 



. The dnine desioostriMtion wiU apjdj to the cnae in wiiieh'tk 
den&ity 19 YoriaUe, ajid a function of the distance r, if /r be 
taken to represent the product of the density and acceleratiDg 
force. It applies alsa to the case of elastic fluids, since it has 
beiii shown that where the density is a function of the pres- 
sure, the only condition necessary to equilibrium, is thut 

Xdis + Ydy -f Zdz 

» • • • 

should be an exact differential, which it is proved to be above. 

Having shewn that the forces applied to the fluid are 
such as by a proper distribution of its parts, are sufficient 
to produce an equilibrium ; it remains to consider what that 
distribution ihust be. Substituting for Jf, F, Z, their values 
in the equation, (v) we obtain 

/^ , fr ^ fr ^ 

cvdof •— * — ydy — — xdz = ; 

r r r 



,\ J— \aidx -\- ydy + %dss\ 



f(frdr)=:€; 
,\ Ft = constant ; 
.-. r = constant. 

103. Hence, therefore, it appears that the extreme surface 
of the fluid, and every surface of equal pressure within it, 
must at every point be at the same distance from the center. 
Now each surface of equal pressure,* i$ also of uniform density' 
It is therefore necessary to the equilibrium, if the fluid be 
of variable density, that it be disposed in a series of homo- 
geneous spherical layers; If if be incompressible and of 
uniform density, the above condition reduces itself simply 
to this, that its external form be ispherical. 

104. The above reasoning mai^festly holds whether we 
consider the fluid as forming a complete sphere, or being 
reyC9ti|ifi4 i|i»iBr 'limited ^pvcer by the sidies^ of a v^$sdL. : in- ik%it 
case the fl^rm of its iurface will be ispftimi^l, hiivinjDf for ifJ^ 



«eBtor the center lof force. Thus the butfa^e cf anf por- 
tion of fluid at the earth^s surface, IfiU be a portion ct- a 
ispherical surface having its center in, the center of the earth ; 
that is, it will be horizontal, or of the same form with the 
earth^s surface. And this will be true, whatever be the 
form of the vessel in which it is contained. 

In the case of gravity, we have, considering it as con- 
stant, and taking the axis of % in the vertical, 

dp ^ D [gdz] ; 
.-. p = Dgx + p, 

taking z from the surface of the fluid to any depth x^ and 
calling P the external pressure of the atmosphere. Now, 
Dgz is the weight of a column of the fluid of th^ same depth. 
Hence, therefore, it appears that the pressure at the depth Zy 
is the weight of such a column added to the pressure <hi the 
surface. 

105« Ex. 2. To determine the form of the surface of 
equal pressure in a fluid which is acted i|pon by a centriji 
federating force, varying directly « *e distance, and vhidi 
is further made to revolve with a givep uniforpi velocity^ 
about a fixed axis passing through i^s center of force. 

The oentral force at the distance unity being w, the 
forces on the point (a?, y, «r,) resolved in the directions of the 
axes, are — m«r, — my, — m%. Also, the axis of rotation 
being taken for the axis of «, the force generated by the 
rotatory motion in the direction of that axis, will be nothing. 
But in a plane perpendicular to it, if the point {sp^ y, )s) be 
at a distance p from it, and a the angular velocity, there will 
be generated a centrifugal force represented by 

(vel.)^ {apY 

. = = u^p^ 

p p 

which resolved in the directions of w and y, becomes c?af, c?y^ 
both forces being positive, since they tend to increase -the 
co-ordinates. We have, therefore, on the whole, 

jr= — mw 4- a^cT, F== — my 4- a*y, 2?= — mz, 
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by which it is manifest that the equations (x) are satisfied. 
For the surface of equal pressure, 

(a^ — m)xdaf -f (a* — m)ydy — mxdx = 0; 

the equation to a prolate spheroid, having for its center 
the center of force, and for its principal axis the axis of 

rotation. 

"^ 

If a be the radius of the sphere into which the body 
will have formed itself before the communication of the 
rotatory motion, the axes of the spheroid may be readfly 
shown to be represented by 

(m — a*\* - / 2m \^ 
I a, and I ; ) . a. 

Suppose a fluid mass to be attracted towards two centos 
of force by forces which vary according to given functions 
R and It of the distances r and r . Call a the distance of 
the two centers of force from each other, and let mR and wlB! 
represent the actual forces upon any portion of the fluid. 
Take for the plane of ^ ^, a plane passing through both 
centers of force. Then will the forces resolved in the direc- 
tions of a?, y, and «f, be represented by 

tV y z 

— m R - , — mR - , — mR - , 

r r r 

r r r 

Therefore at the surface, 

/wdaf'\-ydy+%d%\ ,^ /-'(a—ai)diV-\-ydy+%dx\ 
^niR{^ J-mR\^ -, j=0, 



.\ mRdr -\- m Rdr ^0. 

The surface is clearly one of revolution. If the foroef 
vary as the powers n and n of the distances. 
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If the absolute forces are the same, and yary according 
to the same power of the distance, 

If the force be constant, n = ; 



/ 



.«. r + r 3=c, 



or the surface is that of a spheroid, the centers of force being 
its foci. If one of the forces be repulsive, one of the quan- 
tities WJ, m becomes negative, and we have 

r — r'^Cj 

or the surface is that of an hyperboloid. If one of the centers 
of force be at; an infinite distance, the surface resolves itself into 
that of a paraboloid of revolution. 

Generally, if the force be constant. 

And this is the equation to the surface of contact of two fluids 
of different densities attracted simultaneously to two centers of 
constant force. But if the fluids be transparent, and their 

index of refraction equal to — , the above is the equation 

m 

. to that surface by which rays diverging from one of the 

centers will be refracted to the other. It appears, then, that 

if two incompressible transparent fluids be attracted to two 

centers of constant force, the ratio of whose intensities is 

equal to the index of refraction, their common surface will 

be such as to refract light iiccurately from one center to the 

other. 

• 

106. Ex. 3. If a cylindrical vessel of homogeneous and 
incompressible fluid acted upon by gravity, be made to revolve 
about its axis, to determine the form which will be assumed 
by the surface of the fluid. 

Taking the axis of the vessel for the axis of ^, and its 
base for the plane j?^, we have Z = constant = — ^ : and 
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mice the oentrifugal force on any particle is a^p, p being its 
distance from the axis of rotation, and a the angidar velo- 
city, the forces in w and y are respectively c^w, and c^y^ 
taken positively, since they tend to increase the co-ordinates. 
Substituting therefore, in die general equatio^i for the surface, 

a^wdx + a^ydy -^ gdz = 0; 

.*. cc^w^ + c^y^ — 9,g« = c, 

the equation to the surface of a paraboloid of revolution, 
having for its axis the axis of %. 

107. If %, be the value of ss at the vertex, we have, 
since at this point, <r = 0, j^ = 0, 

.'. a^ar^ + a^ — ^g{% — ss^ = 0; 

2g 

or, or + j^ -(« — %) = 0; 

a 

therefore — is the parameter of the generating parabola. 

108. Let a be the radius of the cylinder, and %^^ the 
greatest height to which the fluid is made to ascend; 

a 

a- or 

.-. %^^ — ^, = > 

by which quantity the lowest lies below the level of the highest 
portion of the fluid. Also, since the content of a paraboloid 
is half that of the circumscribing cylinder, the volume of the 
fluid displaced, 

and therefore, the whole volume of fluid in the vessel is 
represented by 



If, therefore, h be the height at which it stood before 
motion was communicated, we have 



Also, 



■•• »« 
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= 2A. 
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A>g 



whence it appears that the surface of the fluid ascends above 

and descends below its original level by the same quantity, 

a a 
nz. - — . 

^ » -• - • . ■ - 

109. Ex. 4. A rectangular vessel containing fluid,' 
(Fi^. IS.) IS made to move along a hcMiziEmtal plane TA^ 
by means of a weight P, acting over a pulley at ^; it isr 
required to determine the form of the surface of the fluid, 
and its position at any period of the motion. 

The accelerating force communicated to the vessel, and 

in conunon with it to every portion of the fluid it contains, 

Pg 
is represented by — — ~ , M being the mass of the vessel and 

fluid. Let an equal force be supposed to be impressed upon 
both in an opposite direction, and from the beginning of the 
motion ; then will the vessel remain at rest, and the (relative) 
podtion of the fluid in it at the end of any given time will 
be tfie same as though both had been in motion during that 
time. Suppose the surface by the action of the uniform' 
forces now imprest^ upon it, in vertical and horizontal 
directions, to be brought into the position JTZ, and to rest 
in that position. 

Let QT = w, TN =^ y, QU = a. 
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we have therefore, X = ~ — ^— , Y =^ -^ gj « = ; 

Pgdw 
••• = -~ — -- — gay* 

Pgx 



P -^ M 

the equation to a straight line. Also, c = — g^^ ; 

_ _ Pa 



P + J/ 



Also, since if h be the original height of the fluid, the 
content of the section is a . 6, and that in its present position 
its content is measured by ^ (y^ + y^^ a, we have (the fluid 
being incompressible), 

••• Vs + y,/ = 26; 



henee, 



Pa 

y. = ^ - i 



J/ + p 



110. Ex. 5. Suppose a cylindrical vessel containing fluid 
to be made to revolve upon its axis with an uniform angular 
velocity (a), to determine the pressure upon its sides. 

Let the specific gravity of the fluid be unity; 
.•. dp=:a^wdw + a^ydy—gdx; 

,'. p=z ^ a* (a^* + 3/^) -g« + c. 
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Now at that part of the surface which is immediately in 
contact with the coats of the vessel, let xzsnx ; also let the 
xadius of the cylinder be a ; 

Also at any point in the sides of the vessel 

And this being the pressure on an unit, we have for the pres« 
sure on an elementary annulus, 2pairdx. Therefore the whole 
pressure on the sides 

==:2wag/(x^-^x)dx. 



2 



-iragx;, 

taken firom to « . Also x^ has been shown (Art. 111.) to be 
equal to 

therefore the pressure on the sides is equal to 

To find the pressure on the base, we have, if r be the 
distance of any point in the base from its center, 

p = - a^r* + c. 

2 

Now as before, = - a^a^-^gx ^c; 

2 

R 
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therefore the whole pressure 



= TT s a^a*+ - a^d^'\'gz^a^> taken from r = to r = a, 

= wa* s^af^ a^a*> , or, substituting for »^, 

= Tra^hg. 

Therefore the whole pressure on the base is equal to the 
whole weight of the contained fluid, as is manifest. 

On the whole, therefore, the pressure on the coats of the 
vessel is equal to 

To find what must be the radius (r) of the vessel that 
the quantity of fluid (A) being given, the pressure sustained 
by the whole containing surface of the cylinder may be a 

A 

maximum, we have, since 7rr^A = -4, and therefore h = — 5, 

ir'T 

/ A a'r\^ 
wag 



/ J aV\ /2aV 2-^\_ 

Xwr^ 4fg J \^4ig ttW" 

a'r A _ 

4fg TTT^ 

4 4^^. 



r = 



a 



••• r = \/^. 



CHAP. X. 



ON THE EQUILIBRIUM OF ELASTIC FLUIDS. 

111. Def. Clastic fluids are such as being compressed 
by any force are continually made to occupy a less space as 
that force is incretMed, and recover their bulk again by the 
same degrees as the force is similarly diminished. 

112. Perfectly elastic fluids are those whose increase or 
diminution in bulk is exactly proportional to the diminution 
or increase of the force compressing them. To this class 
appear to belong alt the aeriform fluids presented to us by 
nature*. 

113. In ever^ state of its density, an elastic fluid makes 
some effort to expand itself, and is therefore retained, when 
at rest, by some pressure. The density and pressure begin 
therefore together : and their increments are proportional ; the 
density therefore varies as the pressure, or p = C . D. 

114. If the only force by which an elastic fluid is acted 
upon, be the pressure of the surface which contains it, it is 
apparent that this pressure disseminating itself equally through 
every portion of that fluid, the density in all such portions will 
be the same. And that in its state of equilibrium there will 
be established between the pressures on different portions of 
the containing surface of an elastic fluid, the same relation as 
obtains in the case 6{ an inelastic fluid. Thus, if the pressure 
on any portions of surface J and J' be represented by P, P'^ 
we have (Eq. a) 

p _ p; 

A' J'' 

1 1 " .'. ■ . . ■ , ■ ■ ■ . I 

* Elastic fluids are further distinguished into such as are per- 
manently elastic^ and such as under certain circumstances lose thdr 
elasticity and assume the form of liquids. This distinction belongs> 
however, rather to Cliemistry than Hydrostatics. 
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115. Also aince, by the definition of elastic fli 
appears that the bulk diminishes uniformly as the pi 

, and conversely, also since this is true sine HmUe, 
it follows, that the pressure varies inversely as the volume j 
and calling V and V the volumes of the same quantil 
' 1 imder the pressures P and P", 



PV = FV'. 



1 






116. If the fluid be acted upon by forces other &aa 
the resistance of the surface which contains it, the den^ty 
will be variable. 

Calling P the pressure on a surface ^ in a part of the 
fluid whose density is D, and taking P, A', V similarly in 
any other portion of the fluid, we have, since the unit of 
pressure varies as D, ot = C . D, 

P =C.A.D, 
P = C.A'.D'-, 
P_ AD 
■ ' P " Zd' ■ 

117. The atmosphere which surrounds our £arth is fbuld 
by experiment to be a perfectly elai^tic fluid. 

It appears, also, that the pressure producEtd on any plane, 
taken horizontally in it, is equal to the weight of a super- 
incumbent column (Art, 16.) Now since the weights of such 
columns diminish as we ascend from the Earth's surface, it 
is clear that the pressure on any given surface in the fluid 
will diminish : and the density varies as the pressure ; therefore 
the density of the air will continually diminish as the altitude 
increases. Let us suppose for an instant an atmosphere of 
uniform density to surround the Earth, and let h be its height 
such that the pressure at the Earth's surface may be the same 
as in the case of variable density which actually obtains : then 
at the Earth's surface we shall have, since ghD is the weight 
of the superincumbent column, which by hypothesis is equal lo 
the pressure, 

p=ghl). 



133 

118. Now pocD in all cases. Therefore, genenMy^ 

p^ghD, 

h is called the height of an homogeneous atmosphere, and at 
the mean density of the air at the Earth^s surface, it is found 
to be 4342 fathoms. 

119. If (Art. 22, Fig. 25.) X represent the height A' J" 
to which the surface A is raised above the surface A by the 
removal of the pressui'e of the air above it, we have, since 

p—ghD, 
hD^xiy, 

Jff being the density of the fluid. If, therefore, o- represent 
the ratio of the specific gravities of the air and fluid, 

» = A . o". 

120. Since poc2>, in every possible state of the density 
of an elastic fluid, it will exert some pressure or some efibrt 
to expand itself: it can never, therefore, be held at rest unless 
an adequate pressure be applied to every portion of its surface. 
Thus if from a vessel containing an elastic fluid any portion, 
as for instance the superior portion, be removed, the remainder 
will not, as in the case of incompressible fluids, remain at rest, 
but will expand itself until it is again retained by some in- 
tervening surface, or some pressure otherwise supplied. 

121. By equation (/3) we have, in all cases of fluid equi- 
libriiun, where the accelerating force is gravity, 

p = -fDGdz, 

Hence, therefore, where the fluid is elastic, since 

cp= '-'J'pGdx ; 

.-. c— ^ = -^Gdz. 
P 
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Calling, therefore, a the radius of the Earth, and » the 
height of any portion of the atmosphere above its surface^ 



ia + xy' 
dp — ga^ 

p (a + xy 



c.^^—^^dz; 



.•. c n. 1. TT = "7 r • 

n being the unit of pressure at the Earth^s surface; 

—'gas 



Since p^cD, and n=c. A, if A be the density at the 
Earth^s surface, 



—gaz 






— gaz 



.'. 2) = A. €«<« + «) . 

I 

Whence the density of the air at the Earth'^s surface being 
given, that at any given altitude above it is known. 

. 122. The density of elastic fluids is subject to consi- 
derable variation from a change in their temperature. The 
precise nature of the agent which we call heat, or the manner 
of its action in the dilation of different substances, we are 
not acquainted with: certain it is, however, that wherever 
we trace its presence in a greater or Idss degree, we meet 
with a proportionate increase or diminution of bulk. 

The subject is not properly one of mathematical enquiry, 
and we shall in the following pages confine ourselves simply 
to the statement of such properties of heat as- are proved 
by experiment, and as are incidental to the proper subject 
of our investigation. 

123. In elastic fluids it is found that, under the same 
pressure, equal increments of volume result, in the same quan- 
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tity of fluid, from equal increments of temperature, as marked 
by the thermometer. Hence, therefore, it follows that the 
relation between the temperature (f) and volume V is ex- 
pressed by the algebraical formula 

r=:a + bf (p) 

in which f* is the variation from that temperature (as marked 
by the thermometer) at which the bulk of the fluid was a, and 
b is the increase of that bulk for each degree of temperature. 

Now VD represents a quantity of matter which is given, 
since we are considering the variation of bulk produced by 
a variation in the temperature of a given quantity of fluid. . 

Therefore when the pressure is given, 

1 



D 



a + be 
Also when the temperature is given, 

Docp; 
therefore, gjenerally, 

__ cp 

Where a ( &= -^ ) is the increase of bulk in each unit of the 
fluid for every degree of temperature. 

124. Now the temperature is found continually to dimi* 
nish as we ascend from the surface of the Earth. The con- 
clusions we have therefore deduced, with regard to the density 
of the air at different altitudes on the hypothesis of on equable 

P 
temperature are false, and instead of assuming 2> = - , we 

c 



(l + oO (« + «)"' 




The complete integration of this expression is impossible, 
the variation of the temperature is not dependent according 
to any known law on that of the altitude; that is, (' 
be expressed in terms 

136. Since, however, a is exceedingly small, the variation 
of the quantity l + a*° docs not materially affect the result; 
and provided we take for t° the mean, \ (i*^ + (**"), between 
the extreme temperatures t°' and t'^' , we may, without sen- 
sible error, consider this temperature as common to every value 
of «*. Whence we get 

* It is found by observation, that for Bmall altitudes, the tempe- 
rature decreases very nearly in arithmetical progression as the altitude 
increases in that progression. 

Now the quantity^ T^-— — . , , . ^ may be considered as the 
sum of a series of Ainctions of z clifTering from one another by reason 
of equal increments of z, and each divided by a corresponding value 
of the quantity (l+ai"). Call these functions of s, a, h, c. .L The 
corresponding values of l" are in a decreasing arithmetical progresgioib 
Let the degrees of temperature be so taken that each shall be the de- 
crement corresponding to each equal increment dz of z: then 

/ ''' ^ ° I ^ + ^_+ 

.^ a 4- ii("Wa -I- zl' ! + aC ^ 1 -(- a fC - n ^ 1 4- a fC ~ «1 T 



'(l+aC) (" + »)'" 



i+^C- 1)^1+. C-s)"* 



I 



i+, ic-(»- i)| ■ 



1S7 



dz 



And calling p^ the pressure at the earth^s surface, 

Also — = — , ly and Z> being the densities correspond- 
ing to the pressures p' and p; 

ly cagx 

.'. n. 1. -zr = 



JO {l+ia(^-hO}(« + ^)' 



= a(l-«</) +*{!-«*' + «} -«-c{l-«<'+2«}+...+Z{l-.«#'f («-!)«} neariy. 

Now, the variation of the temperature is in. a constant ratio to 
the variation of the altitude; . 

dz _ p (l — af + Caz)dz 

= (l-a^-Ca«)^-^+C«h.l.(^^ 

= (lp^-^-Cah.l.jl— ^l 
fl(a+2) a + 2 I « + zj 

= (Lp^ + iCa(-j-y nearly 
a (a + z) " \fl + 2/ 

= {1 — o^ + i Caz} -7 — ; — r. nearly 
See Appendix E. 



138 



The quantity a is found by experiment to be very 

nearly ; 



,.B^Ii,^^ ^^ (o-O 

126. The following method is by La Place. 

Let T be taken to represent the temperature. Then, 
when the pressure is given, the volume of a given (Quantity 
of air varies as T; 

.'. 2>oc — , the pressure being given. 

Also, D oc p^ the temperature being given ; 

P 
therefore, generally, 2> oc -^ ; 

•' r - T 

considering gravity as constant. 

Now, it appears from observation, that for small values 
of sf, if the altitude be continually increased by the same 
quantity, the temperature will be uniformly diminished by 
the same quantity; T is therefore such a function of %^ as 
for small values of z to decrease in arithmetical progression, 
as that variable increases in arithmetical progression. 

And further, if 7" and T" be the temperatures at the 
surface of the earth, and at the altitude ^^, T is such a 
function of Xy as to give for its values O and x^^ the quan- 
tities T' and T". Hence, therefore, T is such a function 
of %^ as for small values of that variable, will coincide with 
the expression 

t=\t'- -« . 
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Since in this expression when « = 7* = 7^, also when « = «' 
T = 7^', also for exceeding small values of «, 

which satisfies the remaining condition, namely, that T 
should decrease, as % increases in arithmetical progression, 
for small altitudes. 

Let = Ap; 



/ -da _ /* -dig 



(r« - &5f)^ 



/-^ = '&(^' - ^^>* -^ ^- 



Now, when » = 0, the integral vanishes ; 

'- dz 2 . . .1 2 7" 



.-./^ = I (r- -*.)'- 



= ?(r-r'); 

therefore, for the whole altitude from to »^. 






i7> • 



r' + T 



Now Toca + 6^^ = c^ (1 + af) ; 



/^^ _ 2;?r^ 

«' 2«^ 

.-. h. 1. — = ^S-'T— — TTrVlITT^' 



1 + .«((' + o 

iich evidently coincides with the former fonnula 
consider a as exceeding great when compared with «; and 
therefore the gravity, as constant. 

127. These formulie are used for the mensuradon of 

heights. The ratio — is determined by observatiotis with 

the barometer, as will be explained hereafter ; and thence the 
altitude se^ is known by the formula 



^, = 1 Jl + '-«((■ + 0! h.l. (i). 

eg'- 2 * \p/ 

128. Let us now apply the general conditions of 
librium to the case of clastic ifuids. 
In considering the equation 






dp = Ddcpy 

we have shewn it to be a necessary condition of equilibriilDl, 
that D should be a function of the force 0, that is, in the case 
of gravity, of the distance from the earth's center, or of the 
altitude z. It has been shewn also, that D is partly a functioo 
of the temperature. It follows, therefore, that no equilibrium 
can exist in the atmosphere, or that it can never be wholly at 
rest, unless the temperature be a function of the altitude, 
so that at the same altitude it may be the same over every 
portion of the earth''s surface. Now, tlie distribution of 
heat over the earth''s surface, is by no means equable, the 
temperature about the equator being considerably higher 
than that taken at the same altitudes near the poles, and 
passing through every possible gradation in the intermediate 
space; influenced by an infinite variety of local and temporary 
causes. The atmosphere is therefore, not in a state of equi- 
librium. Motion is said to prevail, among those portiuis 
of it nearest to the earth's surface, continually towards the 
equator, and among the superior portions, towards the pdes. 
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' 129. How far the conclusions we have drawn witli negtrd 
to the density of the atmosphere when in equilibriunii ar« 
applicable to the case of continual disturbance which actually 
obtains, it is scarcely possible to determine otherwise than 
by experiment. And from this it would appear that the 
formula we have determined, for the variation of the density 
at different altitudes, very nearly obtains, when these altitudes 
are measured above the 8<ime portion of the earth^s surface. 
The disturbance affecting equally, it would seem, the whole 
superincumbent column. 

130. In the case of a perfectly elastic fluid of uniform 
temperature, the equation (r) becomes 

hdp=:p (Xdw + Ydy + Zdn) ; 

.. hh.\. p ^/(Xdw + Ydy + Zdn). 

Ex. Let us take the case ct a cylhidrica] vesMrl of lAtf 
made to revolve about its axis. It is required io deienrtifie 
the pressure on any point ct the containffig surface^ and ihe 
density of any portion ct the revolving fluid. 

Let (a) be die nidhia fA the hme^ {e) the aliiiod^. iktp^ 
poee die cyliiider iA fluid to be a cdtnmi of the atoMMflMircr^^ 
and let 1/ iqweseui the density at ifa base^ (r) the dislaiM^ 
of any point fr, y, j',) iA the tvUL, from the axja of tl^r 
i^lindcr, and a the angahar r^Miiji 

.V A k L ^ ^f\^MiM Hk ^$4$ — g4m\^ 

I 



TUm \rar;«(S4>n of » i «| Kr a e n w Mitff iMglMficd. 



14@ 

Now, to deternfine the constant C^ since iirTdrdzD is the 
content of a solid annulus, we have for the whole fluid mass, 

^irCjOfe ^ .rdr.dx. 
The integral being taken from r = to r s= a, 



tint 



2»CA , ?? .r^ 



a* 



(6 a* _ !)/€ * d«. 



-^— (£^_l)(i_e*). 



^ taken from « =t o to « =z c. 



Now, the quantity of air contained, equals that which 
would be similarly contained in the homogeneous atmosphere, 



= 7ra«A.i>'; 



• « 



/. va^hD - — - — (e2A _ i) (i _ e * ); 
•. X> = ri -— ; 

2A(€2r_ 1)(€'^ — 1) 

also since p=^hD; 

2(6^- 1)(6*"_ 1) 
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when c = infinity, the above expressions become 



i) = 



^h.(e^ - 1) 



gaft — 2y2 

1 a^ga^iy.e ** 
and P == 2 • ^^ • 

It is evident from these expressions, that the density will 
be diminished near the axis of the cylinder, and increased 
towards its surface; and that by increasing the angular 
velocity (a), the rarefaction of the internal and the conden- 
sation of the external air may be carried to any required 
extent. 



ON 

HYDRODYNAMICS; 

OR, . 

THE MOTION OF FLUIDS. 



CHAP. I. 

131. The forces lost by the diflFerent parts of a system 
in motion, are by D'Alembert's principle precisely such as 
WQuld establish an equilibrium in it. 

The forces, therefore, lost by the particles of a moving 
fluid are such as, being severally applied to those particles, 
will (under the same circumstances of form and pressure) 
hold the fluid at re^t^* and thus we are supplied with a 
means of passing at once from the conditions of the equU 
libfium of a fluid ' to those of its motion. 

Let 0, ^', {^" represent in magnitude and direction the 
effective accelerating forces on any particle /a, resolved parallel to 
the axes of J7, y and z respectively. And let X^ Yy Z be the 
forces impressed. Then are (-Y— qf)), (F— qf)'), (Z— ^"), the 
forces lost. Therefore, by the general conditions of equlibrium, 

* Motion produced among the particles of a fluid mass by • the 
action of any accelerating force, differs from the free and uncon' 
strained motion of the same particles, acted oh by the same force^ 
in this, that. the force impressed upon each particle is, in the former 
case, counteracted pro tanlo by the pressure of the adjacent particles, 
whilst in the latter it is whoUy effective. The difference between the 
effective accelerating force on any particle when its motion is un- 
constrained, and the effective accelerating force on the same particle, 
when forming part of a fluid mass, is therefore wholly produced by the 
pressure of that portion of the fluid in which it is found. If, there- 
fore, this difference were applied to that portion of the fluid, it would' 
just sustain the pressure upon it: and supposing similar forces to be 
similarly applied throughout, and the same pressures as before to be 
sustained, the whole would be in equilibrium. 

T 
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132. We shall refer the more general consideration of 
this equation to a succeeding chapter, and confine ourselves 
here to that particular case in which the fluid is incompres- 
sible and homogeneous, and the motion uniform, or the 
accelerating force on each particle the same, as it pauet 
through the same point in space. 

The integral {A) may be taken with regard to seay seriei 
of corresponding values of ,t, y, ar, or with regard to asj 
line whatever of fluid particles terminating in pt. 

Suppose it taken with regard to those particles whidl 
occupy the space through which fi. has moved. Now, bjr 
hypothesis, the accelerating force on any one of these 
precisely the same with that by which fi was impelled 
at the same point in space. The integral 



i 



J'(<pd3r + (ji'dy + <p"dx), 

taken with regard to the whole line of particles at a given 
instant, is therefore equivalent to the same integral taken 
with regard to the extreme particle during the different 
instants of its motion. Also dji, dy, dx, which in eqi» 
tion (A) have reference to different particles, and are taken 
from one point in space to another, are equivalent to +da, 
+ dy, + dz, when taken to represent the elementary spaces 
described parallel to the axes by the same particle. The 
sign + being taken according as the motion tends to v, 
the co-ordinates or diminish them. 

■'■ i 'pdm + <p'dy + <p"di: = vd\ 
V being the velocity of the particle n- Therefore, getw 
p = D/{Xd,v + Ydy + Zrfa) + Dj' 

Now, calling P the pressure that would result,; 
same forces were impressed and the fluid at rest, we ] 

P = Df{Xd.v -r Ydy -y Zdz); 

.: p = p + ^'Dv- + c (fl 
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m 

Let it now be supposed that the fluid, having conti- 
nually been, renewed under the same circumstances, and 
accelerated by the same force at any the same point (<v, y, «y 
of its course, has at length attained an uniform velocity at 
that point. Then is v the velocity of any particle passing 
through it, and therefore of a particle which has descended 
from the surface. Let V be the velocity of this particle 
when at the surface of the fluid, and p' the pressure on 
the surface; 

/. p«_p' = pq:^2>(t,«_r2) (O. 

133. If a continuous fluid, wholly contained by the sides 
of a rigid vessel, be in motion, the same quantity of jluid 
will pass, in the same time, through any two given sections 
of that vessel. For if there enter more fluid by one section 
than escapes by the other, the intervening space will, at 
one time, contain more fluid, and if there enter less, less 
than at another. Both which cases are impossible, since the 
fluid is incompressible and the space given. 

134. If the area of one section be exceedingly small 
as compared with that of the other, the (mean) velocity of 
the fluid passing through it will be exceedingly great as 
compared with the (mean) velocity of that passing through 
the other. 

135. If the sections be supposed to be both perpen- 
dicular to the direction of the motion of the fluid through 
them, and V, v be . the mean velocities, JT, k the areas of 
the sections; then are KVdt and kvdt the quantities of 
fluid which pass through them in the same time dt'^ 

.'. KVdt =^ kvdt; 

.'. KV = kv. 

136. If a stream of fluid constantly renewed and moving 
with an uniform velocity, be allowed to descend freely from 
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a given height; the descending portion of it will eventually 
acquire an invariable form. And, this state being attained, 
the same quantity of fluid will pass, in the same time, througli 
any two horizontal sections of it. For otherwise the inter- 
vening fluid mass wotdd alter its form, which is contrary to 
the supposition. Now, the velocity of the descending particles 
is manifestly greater in the lower sections of the stream tinm 
the higher. The lower sections are therefore less than the 
higher, and the stream contracts as it descends. And simi- 
larly it may be shown, that if the stream be thrown upwards 
it expands as it ascends. 

If we conceive all the particles of each horizontal section 
to have descended at the same instant from rest, and to have 
acquired the same velocity in the descent, viz. that due to 
the height ; and further, if we conceive the different hori- 
zontal sectionH of the stream to .be similar planes ; then, 
taking any vertical section of the stream for the axis of a', 
the horizontal sections will vary as f/-. Also, measuring a* 
from the point whence the stream falls, the velocity will 
vary as ^x; 

.', VK oc y' „Jw=- constant = c ; 



i? 



rtolK 



Every vertical section is, therefore, bounded by an hypertol 
curve determined by the above equation. 

If the fluid in the act of being let fall, be projected 
with a velocity due to the height a, we shall have 



The sign + being taken according as the fluid is projected 
upwards or downwards. 

Thus it appears, that the stream thrown up by a foun- 
tain, is nearly that formed by the revolution of a liyperbdic 
curve of the fourth order about an asymptote. 
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CHAP. 11. 



ON THB MOTION OF FLUIDS THROUGH SMALL ORIFICES. 

137* Tjet the medium into which the efflux takes place 
be supposed the same with that, in contact with the surface 
of the fluid, as where the vessel is open and immersed in 
the atmosphere. The pressure at the orifice and surface 
are in this case the same. 

We have, therefore, (Art, 132.) if tj be the velocity at 
the orifice, and P an unit of the pressure, it would sustain^ 
if closed, 

/. tj2 ^ r« + 2f(Xda^ H- Ydy + Zdx). 

138. Suppose the fluid to be acted upon by the constant 
force of gravity, and to flow through an orifice any where 
situated in the containing vessel. Now, if it be kept con- 
tinually at the same height, the condition of uniform accele- 
ration, we have supposed, will manifestly obtain; and we 
shall have v^^V^-^2g%, v being the velocity of any par- 
ticle of the issuing fluid. 

If the fluid be not supplied at the same rate in which 
it escapes, the position of the surface wiU no longer be sta- 
tionary, and the hypothesis of uniform acceleration will not 
obtain. Since, however, 

is the velocity which would be acquired at the orifice, if 
the surface' remained stationary during a certain time in any 
one of its positions; it is clear, that the actual velocity 
will approximate continually to this, as the motion of the 
surface takes place more slowly, or as it remains , longer 
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^^M ill each of the positions it assumes. That is, according 

^^H as the efflnx approaches more nearly to the influx, or, if 

^^H there be no influx, according as the aperture is less, wh«i 

^^1 compared with the surface of the fluid. Now this approx- 

^^H imation may he carried on sine limite. Also, when the 

^^H area of the aperture vanishes as compared with the surface 

^^H of the flind, V vanishes as compared with v. Therefore, 

^^^ on the whole, 

^^H is a limit never actually attained by the velocity in any 
^^B position of the surface, but continually approximated to, as 
^^H the area of the aperture is less when compared with it. 

^^H It will be observed, that the velocity v is that which 

^^H is s^d to be due to the height (%) of the fluid above the 

^^H orifice, or which would bo acquired by a body falling freely 

^^H through that height. 

^H^ 139. If the aperture be so contrived as to direct the 

stream of issuing fluid obliquely upwards, and the surface 
be kept continually at the same height, each particle of the 
issuing fluid (supposed to be projected freely in space with the 
velocity due to the height) will be made to describe the sane 
parabolic trajectory, and the whole jet will assume the form of 
a parabola. The range on a horizontal plane passing through 

I the aperture being represented by 2 b sin a, the height by 
■" 
sit 
dif 
eq 
re; 
be 



(See 



and the time of flight by 2 \ — 
Whewell, 238.) 

IW. The point where a jet will meet a horizontal plane 
situated beneath it, may lie determined by substituting the 
distance of the plane beneath the jet, for y in the general 
equation to the trajectory, {Wkcwell, 240.), and solving with 
regard to ar. 

Let it be required to determine where an aperture must 
be made in the side of a prismatic vessel of fluid, that the 
jet may strike a given point in the plane on which it gtands. 



cos*o 
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Take a to represent the height of the surface of the 
fluid above the plane, and y the height of the orifice; then 
is a— jf the height due to the velocity at the orifice: arid 
calling b the distance of the given point from the base of 
the vessel, 

^y = b tan a 7 r- 

^ 4(a-y) 

whence we obtam 

y = ^ {(a— 6 tan a) ± ^a^ + 2ab tan a — 6^|. 

If this expression be possible, there are two positions 
of the orifice, for which, the point where the jet strikes the 
horizontal plane will be the same, (see Fig. 36.) the angle 
of elevation being the same in both cases. 

141. If by reason of the descent of the surface or other 
causes, which will be hereafter explained, the particles which 
at any time form a part of the jet, have not all been pro- 
jected from the orifice with the same velocity; different pa- 
rabolas, APCy JQB, (Fig. 35,) will be described, and the 
stream will cease to be continuous; the dispersion being 
greatest near the extremity of the range. 

To find the time in which a vessel will empty itself 
through cm exceeding small aperture in its base. 

142. If K represent at any time the area of the surface 
of the fluid, k sl section of the aperture, v the velocity of 
effluence, and d% the descent of the surface during the in- 
crement of time dt; then is Kd% the quantity by which 
the fluid in the vessel is diminished in the time dty and 
Jcvdt is the quantity which flows through the aperture; 

.'. kvdt= --jKd%. 

The sign — indicating, that the height % of the surface is 
diminished by dx. 
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-^Kdz 



1 /»— Aa 

Now, v^^^g.; ■•* = -QTgJ ~Ji 

Ex. 1. Suppose the vessel to be prismatic, so that the 
horizontal section K may be the same throughout; 

••• ' = lQTgJ ir^ = *-71^^^^-^/^> «' 

■ / 

where a is the value of x at the beginning of the moticm. 
For the whole time of efflux we have 

Now, if the surface had been kept continually at the same 
height (a), and the same qucmtity of fluid as in the former 
case had flowed out in the time t\ since the velocity of 

efflux would have been uniformly equal to s^^ga^ we should 
have had 

t'k^9,ga^Ka\ 

. . ^ — , — — 2 ^• 
k^9.ga 

143. From equation (l) we obtain 

Now, the right-hand member of this equation is the expression 
for the space which would be described by a body projected 

with the velocity — , and retarded by the constant 

force -pr. Also, sj2ga is the velocity at the aperture, 
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and therefore ^ -— that of the surface at the beginning 

K 

of the time tj and a — iir is the space described by the surface. 

The motion of the surface is, therefore, retarded by the 

constant force -=7. 

Ex. 2. To find the time in which an ellipsoid will empty 
itself through a given exceedingly small aperture in its vertex, 
when placed with its greatest axis in a vertical position. 

Let a, 6, c be the semi-axes of the ellipsoid, and 00^ y 
the semi-axes of the elliptical surface of the fluid, at any 
given period of the efflux. Also, let % be the distance of 
the sui^ace from the center of the ellipsoid ; 

a a 

4 w6c 
o a 

3 d 

If the aperture k be supposed to be formed by a section of 
the vessel at an exceeding small distance k from its vertex, 

k = |o* — (a- k)*} = -irbcK very nearly ; 

8ai 



.'. t = 



U 



\bt 



The time is, tberefore, oq this hypotLesis, 
die n uigii im de of the axes b and e. and k the 
dUpmd, fpherad, and spheze. 



t of 
in tk 



Ex. 3. To find the time of emptying 
bjr the rercdntion of a cydind about its 
flmall qierture in its Tertex. 



Tessd, fixmed 

tDFOI^n I 







k^^g 



— i.k 




— =ysr*'~*^*=2y^'*—*y*Sf'*^f> 



And taking this integral from 

^ss2a, y^s-ira to «sO, y=0, 
we obtain for the whole efflux 



5 



,=_,,,._i|. 



-Jit 



Ex. 4. A vertical cylinder of fluid revolves imifoonlf 
about its laxis ; to find the time of efflux through an ^sssfA 
ing small aperture in its side. 

Let a represent the angular velocity and a the radnv 
of the cylinder. Also, let the height of the lowest point ^ 
the surface of the fluid above the aperture, be r^resented 
by «r. 



I« 



I 
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t Then (Art. 106.) 

therefore, 

Now it has been shown, (Art. 108.) that if J h^ the 
quantity of fluid at any time contained in the vessel, 

/p */ ^ara-' + Qgz kg ^^ ^ 

Taking the integral from z^c to jir = 0. 

>Ex. 5. A vessel containing fluid which flows out thrdUgh 
a small ftpertttte in its base, is drawn vertically upwaMs 
by means of a weight (Fig. 37.) acting over pullies. To 
determine the motion. 

Let K represent the surface of the flui^ and k the 
aperture, z the height of the surface above the apefture, 
and / the accelerating force on the vessel and fluid upwai^s. 
Also, let C be the sum, and C the difference, of the ^oass of 
tbe vessel (without the fluid), and the mass P of the weight. 
Then is the accelerating force on the system represented by 

^ • C+fKdz -^' 

Suppose this force to have been communicated in an opposite 
direction to the vessel and fluid in the beginning of the 
motion. The motion of the fluid, with respect to the vessel, 
will be the same on this hypothesis as in the case which 
actually obtains, and the vessel will be at rest. Hence, 
since g-{-f is the whole accelerating force impressed down- 
wards, on the above hypothesis, and that the aperture is 
exceeding small, we have ' 
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C-jKdx 



V* = Zf(g +/) d« = Zgz + ZgJ* c+/Kdz ^^ 



='^^f\ 



dx 



C -{-/Kdz ' 

Suppose the figure a paraboloid of revolution. Hence 

J'Kdx = 'jrc%; 

If ircs^y &c. be exceeding small, as compared with C^ 

/ Pgz 
« = 2 y —p;- , or it equals the velocity with which the 

fluid would escape, if the vessel were at rest, miiltiplied by 
\/ — . The time in the former case will, therefore, be 

found by dividing that in the latter by 



v/?? 



144. If we conceive a vessel, from which fluid escapes 
through a small aperture, to be continually supplied by a 
stream, moving at any given time with a velocity v\ and 
furnishing in aji unit of time a quantity of fluid represented 
by k'v'; the fluid contained in the vessel is on the whole 
increased in the time dt by (k'v' -^ kv)dt; 



.'. (kv'^kv)dt=:Kdz; 

/Kd% 
k'v' - k s/^g^ 

Ex. 1. If the vessel be prismatic and the influx constant, 
K and &'«' are given; 

dx 






k^Tg-^'' 
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taking the integral from x^ to z. 

We may conceive a certain time when the efflux shall equal 
the influx, and the surface of the fluid become stationary. 
Now, when this takes place. 

But when jv = a, t^oc^. The surface of the fluid will 
not, therefore, in the above instance, become stationary in 
aay fmte time'. 

Ex. 2. Let us suppose the influx to take place from 
a small aperture in a cylinder containing a given quantity 
of fluid. 

If k' be the aperture in the cylinder, and «' the velocity^ 
the influx 

=i1(!vt =k' ^'9^=^y y/ ^ga^^— t y (Art. 142- Ex. 1.). 

Also, if V and k represent the velocity and aperture in the 
vessel, 

.-. W s^'^ga^^-^r^t-'k^^^ 

By the solution of this differential equation z is known in 
terms of t. 
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If the surface of the vessel be formed by the revolution 
of the hyperbolic curve, whose equation is p^x^Cy about 
its asymptote, 

a linear equation, which may readily be integrated. 



On the Motion of Fluids through small Apertures in a 

System of communicating Vessels. 

145. Suppose three vessels to be placed one above 
another, and let them commimicate by small horizontal aper- 
tures in their bases. Let the height of the fluid in the 
highest vessel be Xy and the distance between its base and 
that of the second vessel z^\ and similarly, let aTj^ be the 
distance between the base of the second vessel and that of 
the third. 

Let Vj be the velocity of efflux from the first into the 
second vessel, v^ that from the second into the third, and 
V the final velocity of efflux. Also, let p^y p^^ p hQ Halt 
pressures at the orifices of the vessels respectively, p being 
the unit of atmospheric pressure ; and let the base of eacb 
vessel be supposed to be immersed in the fluid contabed 
by that beneath it ; 

••• ;>i - i> = Dgx - Z>i«^^ 1>« - jPi = Dgz^ - D\v^y 

p-p^^Dg%^--D^v^; 

therefore, by addition, 

* 

gx+gx^-^gx^^^(v^^ + vJ' + v'')=zO. 

Now, if we suppose fluid to be uniformly supplied io 
the upper vessel, and the surfaces of the fluid in the other 
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yfeaadA to have become stationary, we shall have^ calling 
^^19 ^2> ^ ^^^ areas of the apertures, 



« -h ;8fi + «2 



And similarly if there be any number of vessels, and h be 
the height of the base of the highest above that of the 
lowest, and x the height at which the fluid stands in the 
highest, we shall find 



V =: 



Cx + h 



If the influx be given, vk is given (=c); 

/. » = — 2 ( r) - *• 
2g \k/ 

146. Let two vessels (Fig. 35.) communicate by means 
of a common aperture P, so that the fluid may ascend 
ill J^ whilst it descends in B. 

Now, the motion in A tends to increase the height x 
of the sucface above the orifice, whilst the motion in B 
tends to diminish it : therefore 

p' + (gZi + i^'')I> 
represents the pressure at the orifice in the former vessel ; and 

p'+(gZ2-i^)D 
that in the latter, p' being the unit of atmospheric pressure. 
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and Sj, «2 the heights of the surfaces above the commoa 
orifice ; 

I 

147- To find the time in which a given quantity A of 
fluid, poured into one of the vessels and flowing through 
the aperture, will attain the same level in both. 

Calling JTj, K^ the areas of the surfaces of the fluid 
at any given time, we have 

fK.dx, +/K,d«, = J (1), 

also, kvdt ss K^dz^ ; 






Also JTi and K^ are given in terms of %^^ z^^ since the form 
of the vessel is given; hence x^ may be eliminated from 
these equations, and the value of t found in terms of %^. 
Now, the particular value of %^ for which it equals Zo^ is 
given by equation (l); therefore, &c. 

Ex. 1. Suppose the vessels to be both prismatic; 
which integral, taken from z^^O to ^j = , ffives. 



* It is clear that this demonstration will apply to the case in 
which the vessels are separate, the apertures being joined by a 
horizontal tube. 
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Ex. 2. Let us suppose the prism into which the influx 
takes phice, to be closed at the top, and let a be its height. 
Then, if 'p' represent the unit of pressure on the surface 
of the fluid in this vessel when its height is x^^ and jl the 
unit of atmospheric pressure, we have 

p (a — afi)=pa; .'. p = 



a — ar^ 



Now, p" + (gx^+j^v^)D:=p'+(gz^^^v^)D; 



.-. «« = g'(«2-»i) ^'' 



(a - %^) D 



Or, if the height of a column of the fluid whose weight is 
the same with the atmospheric pressure on an area equal 
to its base, be represented by A; since 

p' = ghD; .-. v^^g(z^^%,)--^-^. 

Now, K^z^ + K^z^^A; 
therefore, eliminating z^^ 

If we make v = 0, we shall obtain two positions of the surface 
in which the velocity of influx will vanish. 

148. If there be any number of vessels communicating 
as above, and having their common orifices in the same ho- 
rizontal plane; calling JT^, «„, &„, v^ respectively, the area 
of the fluid in the n^ vessel, its height above the orifice, 
the area of the orifice, and the velocity of the fluid passing 
through it ; also taking similar symbols with regard to the 
other vessels; since 

X 
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is the excess of the fluid which enters the n* vessel above 
that which escapes from it in the time dt, we shall have 

(*»««-*,-i«,-i)<^«=-'8^«<*«» 0)- 

Also, «% = <S'(«„-i-»„) (2)- 

And calling A the whole volume of the contained fluid, 

^/K„dz„ = J (3). 

Now there are w— 1 of each of the equations (l) and (2). 
We have, therefore, on the whole, Qn—l equations; hy 
means of which any one of the 2n quantities, ^, «^, z^y &c. 
may be determined in terms of any other of them. 

149. In the case in which the system consists of two 
vessels, let us suppose a stream of fluid to flow conHntiaUf/ 
into one of them, and let the quantity supj^d in an uait 
of time be, at any period of the motion, av; 

also ^^/^(^2""^l) • dt^^K^dzy 

Now, since the circumstances of the influx are given, 
t) is given in terms of t. We may therefore eliminate one 
of the quantities, 5?^, %^, t, between the above equations, 
and establish a relation between the remaining two. 

Eliminating dt, 

If the vessels be prismatic and the influx uniform, this 
equation may be rendered integrable by assuming 



o 



»2 — A^i = W. 



If the influx be such as to keep the fluid constantly at 
the same height in the vessel into which it flows, x^ is 
constant; and the equation 

i = — i-^ r ^'^^' 
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may be integrated immediately. If the vessel be prismatic, 

z^ being the value of z^ at the beginning of the motion. 

150. Let us now take the case in which the fluid 
escapes through a small aperture in the last vessel. First, 
let there be two vessels. Then, since the whole quantity 
of fluid which has been poured into the first vessel is equal 
to that which is at present contained, together with that 
which has escaped, 

fKidz^ + /JTg dz^ + kfv^dt = A. 

Also, as before, 

Whence, by eliminating and reducing, we obtain 
K.dz. Kodzo 



If the vessels be prismatic, the variables will be separated, 
and the equation rendered rational by assuming 

z^=z^(u^'\'\y 

151. If the surface of the fluid in the first vessel be 
kept constantly at the same height, 

z. = constant = a ; 

J fc^v^ — k^v^ J ky ^ g {a — z^ — A?3 ^/^g^^ . 

If there be any number (ji) of vessels, it may be shewn as 
before, that 

^J*Kdz '\' kfv^di^A, and '^n^ yj ^S^n* 

These^ together with the equations (l) and (2) of Art. 148. 
make up 2/i equations, determining any one. of the 2n-^.l 
quantities, ^, z^, i?„, &c. in terms of any other of them. 
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CHAP. III. 



THE MOTION OF FLUIDS ON THE HYPOTHESIS OF PARALLEL 

SECTIONS. 



Uniform Motion through an Aperture of finite Dimensiom, 

152« According to the h3rpothesis of parallel sections, 
the velocities of all the particles in any horizontal section 
of a descending fluid, are at any given instant the same; 
so that in their descent the same particles are continually 
found in planes which are horizontal, and therefore parallel 
to one another. 

We have shown, that on this hypothesis, if V and v be 
the velocities of the particles in any two descending sections, 
K and Ar, Kr=zkv. 

153. Let us take the case of a vessel having an^ori- 
zontal aperture in its base, to which the fluid is continually 
supplied at the same rate, so that its surface may eventually 
become stationary and its motion uniform. Now, when this 
state of uniform motion is attained, we have (Art. 132.) 

or, since jrF=A:i?,* 

P-p' = P-iDv^{l-j,). 
At the orifice p=zp' ; 

2P 



V« = 



H'-%) 



* In this theorem^ it is only necessary to suppose all the par- 
ticles of the higher and lower sections to move with the same 
velocities. 
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If the fluid descend by the force of gravity, P^Dgx, and 

2g% 



t)« = 



2ff V K*/ 



Ex. 1. Fluid is supplied with a given uniform velocity 
to a vessel in the form of a truncated paraboloid: it is 
required to find in what position its surface will become 
stationary. 

Let / represent the influx in an unit of time, a the 
distance of the aperture from the vertex of the paraboloid; 

k a 

• • — — — — , 

Also, the motion being uniform, the efflux is equal to the 
influx, or vk^^L Now, k^wca^ c being the parameter 
of the paraboloid; 

/ 

irca 

P _ ggjg _ 2g(a + zy 

P (a + i^)' ^ 
Let — ^ , ^ =2^; ••• =2'y; 

•whence « = (7 — a) ± ^y^-i-^ay. 

Ex. 2. Where must a semi-ellipsoidal vessel be trun- 
cated, that being kept constantly filled, the efflux in a given 
time may be the greatest possible? 

Let % be the distance from the center at which the 
required section must be made, and a, 6, c the semi-axes 
of the ellipsoid. Now, (Art. 62. Ex. 4.) 

Ar = — :7-(c- — *), and Axs^n-ab; .-. ~ = — - — ; 



.-. 1)2 = 
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— i»-\* gear — «'' 



.-. D«&2_. _o V — ^ — £__ max.; .-. -^^-= ^= max.; 

whence we obtain, by the usual methods, 



If it be required to determine where the section must ] 
be made, that the velocity of efflux may be the greatest 

2^C* 4 / 2 

possible, we shall have — r-^ ? =^ max.; whence » = c V o • 

Uniform Motion through a vertical Aperture of Jmite . ' 

Dimension^. 

154. We have hitherto supposed the aperture to be 
horizontal. Let us now conceive fluid to escfipe by a vertical 
aperture of finite dimensions. 

Let y be any horizontal ordinate of the aperture, z its 
depth, and v the corresponding velocity of the effluent fluid. 
Then is vydz the efflux through an element of the ^)erture, 
and J*v yd z is the whole efflux, referred to an unit of time. 
Therefore, each particle of the surface of the fluid being sup- 
posed to descend with the same velocity, KV = J*vydz. 

Now, v^=zV^ + 2g% ; 

Ex. 1. Let the aperture be rectangular; 
/. 2/ = const. = c; fy{V^-\-2g%)^d%=:^cf{V^ + 9,gz)\d% 

= i^ U ^' + ^^ (^1 + «)] ^ • C^' + 2g^,)i \ ; 
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the integral from x^^ to xr^ ^ a ; where ss^ is the deptK 
of the top of the aperture^ and a its length; 

From this equation V may be determined, the position of 
the surface being given; or the position of the surface may 
be found, the influx KV being given. 

Ex. 2. Suppose y to vary inversely as v, so that y = - ; 

the integral throughout the length a of the aperture, 
aa = Ky/v^-^Zgz; 



On unifofm Motion in communicating Vessels* 

155. Suppose the vessels A and B to communicate at 
their bases; and let a fluid acted upon by gravity be sup- 
plied so as to remain constantly at the same height in A, 
whilst it flows over the sides of B, Now, if i^r be measured 
firom the surface of A^ it is clear that the motion in the 
iressel A tends to increase that quantity, and that in B to 
^iminifth it: we have, therefore, calling V and v the velo- 
cities of the surfaces in the two vessels, p' the unit of 
atmospheric pressure on either surface, and « the difference 
of their altitudes ; in thie vessel A^ p' = — ^ F* + C, and in 
the vessel 5, /=— ^2f + ^v" + C. (Art. 132.) 
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Now, if we suppose the particles in the two surfaces to move 
all of them wi^ the same velocity, 

VK=vk; .: ««=— ^* 



A*' 
1 + — 



therefore, the efflux = «* = \/ — p r-;^ • 

If the surface K be infinite as compared with k, v^s=2g«. 

Ex. Two similar paraboloidical vessels (Fig. 40.) are 
placed vertically above one another, and there is made an 
horizontal aperture near the vertex of the higher vessel, 
through which a fluid flows into the lower, and escapes 
over its sides. The fluid being uniformly supplied, it is 
required to determine when its surface will become stationary 
in the higher vessel. 

Let Q represent the constant influx in an unit of time, 
a the distance of the vertex of the upper paraboloid below 
the level of the edges of the lower, b the axis of the lower 
paraboloid, and c the parameter of either vessel; 

• 



9 tl 



.: Q» = 



Sirtfgz 



1 ' 



(6-o)* ' (« + o)» 

whence by reduction we obtain 

x'+^aa — a)af* + (a — 2a)a« + o(6 — o)*=0;. 



where a = 



2^*g-c«(6-a)*" 
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On the variable Motion of Fluids. 

156. To investigate th^ variable motion of fluids on 
the hypothesis of parallel sections in its most general form, 
let us return to the general equation of Art. 131. From 
whence we obtain 

p=^f\Xdx + Ydy + Zd%\ TfD\<l>dx + ^'dy + ^"d«} . 

Let da represent the space described in the time dt^ by 

the particle whose co-ordinates are w^ y, x, and v its velocity ; 

du 
then is — the effective accelerating force upon it. 
az 

_d» dx dv dy „ dv dx 



.-. p=fD{Xda!+ Ydy + Zdx] T /*dJ 



daf* + dy* + d«*)dt> 
ds ) dt 

-fD {Xdw + Ydy + Zdx\ + /*i> ^ da. 

In the case in which the fluid is homogeneous, and the 
force that of gravity, 

p^DfgdxTDj —ds {A). 

Now this integral must be taken throughout a line of 
particles extending to the surface of the fluid, at the given 
instant when the motion is to be determined. 

The quantity v is manifestly a function, as well of 
the position of the whole mass of fluid, as of the position 
of the given particle within it; or it is a function of t 

/dv 
— ds is 'to 

be integrated at a given time, or ewchisively with reference 
to the variables a?, y, x. To do this, we must clearly, in 

Y 
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dv 
the first place, endeavour to express — in terms of opj y, Xy t, 

the variables on which it depends. With this view, let us 
have recourse to the hypothesis of parallel sections. 

157* Let it be assumed that the motion is such that 
a plane being taken, at any instant, perpendicular to the 
motion of any particle of the fluid, all the other particles 
at the same instant passing through it, will move with the 
same velocities and in directions also perpendicular to it. 

Let K be the area of any section taken as above, and 
k that of any given section of the vessel or other containing 
surface through which the fluid is made to pass. Also, 
let V and y be the velocities of the fluid corresponding to 
the sections k and k. 

, vk 

/c 

Differentiating with respect to t, 

dv k dv vk dK k dv vk dx ds 
dt K dt . K^ dt K dt K^ ds dt 

. ^ ds kv dv ^ ^ dv ds -,^ die 

but — =i; = — ; ,\ — ds = k^ v^k^.—z. 

dt K dt dt K K 

Now «, and therefore — -, is a function exclusively of 

the time^ the position of the section k being given. Sinqe, 

therefore, the integration is to be performed considering t, 

dv 
and therefore v and — - , functions of that variable, constant ; 

dt 

dv , . dv rds , v^l^ 



/dv , ^ dv Pas , v^lc 



— ( dv 



C, dv pds , v^H^ ^ 
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158. Let us take the case in which the motion tends 
to increase the co-ordinates. Let K be the area of an 
eartreme section or surface of the fluid, -and let »i be the 
corresponding value of z, and N the value of the integral 

— , taken from x^ to %. Also, let p, be the value of 

the pressure on the surface. 



On the accelerated vertical Motion of a Fluid. 

159. Let us suppose the motion to be wholly vertical, 
and the fluid to be contained in a vessel, through an hori- 
zontal aperture in whose base it escapes. 

Now, the section k may be any whatever of the vessel. 
Let it coincide with that made by the surface of the fluid, 
or let k = K; also, let V be the velocity at the surface. 

Now, at the orifice let k be the value of /c, and a the value 
of z: also, to simplify the notation, for a^, write z. Then, 
since at the orifice Pi=p; 

dV 
Now, — is the accelerating force on the surface of the 
dt 

fluid ; also z is the depth of the surface below a given fixed 

point ; 

dV 
.-. —dz=^VdV: 
- dt 



. i 
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and multiplying by d«, we have .; 

0=^gia-x)dx-KNVdV-^K'(^ - ;^)^d» (D),A 



.-, dV^ 



•^iw) 



J '. 






Now, 



k_: and ^-^^ 



are functions of x: the above is, therefore, a linear equation. 



If t? represent the velocity at the orifice, VK=vk; 

dz 






which equation involves a complete solution of the problem. 
Suppose the vessel to be prismatic. In this case. 



i 



-^^d.= (^-l)y^-^ = h.l.(a-.) 

••• «'==i(«-«)^*' >'. {2^/(0- i.) ^'^ ^dz + C], 
2 jfj a-- --1 



taking the integral from to ;^. 
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If jr* = 2fcS we have t?*=-, and the integral fails. 

We must in this case return to equation (D), by substitu- 
tion, in which we obtain 



H 



dx (a-'X)dV^'-V^d{a-^z) 



(a— ») (a — «) 

, 1 / « \ y^ 

.'. 2g h. 1. I I = 0; 

.-. y*=i2g(a-z) h.l. (.-—); 

.•.^•=2§V(«-«)hl-(^) 
The velocity is a maximum when 






160. If the fluid be continually retained at the same 
gwen altitude A, the quantities z^ JT, N are constant, 
and the equation {C) may be integrated immediately. By 
transposition we have 

KNdV 

' dt- 



^^-i^-^Cp-i) 



KN .. (V^^^W^l 
/ = — . ,1 hi- < — ^— V + C. 
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Now, »A;= VKi 






When <=0, » = 0; /. Cs=0. 

Let — = X ; 

N 



• • 



= e^^- 



whence 



* + !/• 



2gA "i* /e^*-! 



-Bl' 



161. As ^ increases, the quantity —} — ' continually 
approaches to unity as its limit, and the value of v to 

which expression we have before shown to repre- 






sent the velocity of the fluid, when the motion has at length 
become uniform. 

It appears then, that on the hypothesis of parallel sections 

the velocity can never strictly become uniform. If, however, 

k be not very nearly of the same magnitude with JT, and 

the altitude h be not exceeding small, the value of X is in 

all cases comparatively great, and the greater continually as 

k , . * 

the ratio -p is less, and the altitude h greater. The fluid 

may, therefore, in the case we have supposed, be considered 






175 

attain a velocity which is very nearly uniform after a 
lite or. even an exceeding small interval of time. 

162. In the case in which 


AprsJT. X=0, and v = -. 
. 

he solution fails, therefore, and we must have recourse to 
le equation (C); whence we obtain, making k^K^ 

ghdt^KNdV; .\ ght = KNV. 

'ence it appears, that in this case the velocity of the de- 
ending fluid continually increases with the time, and that 
i uniform motion is never attained. 

163. If Ap be greater than £, and 



X , 



i X^ 
tan — . 
2 



In this case, therefore, as in the preceding, the velocity 
creases with the time, until X^ = tt, when it becomes 
finite. It appears, then, that according to the conditions 
ipposed, no ^nite influx can keep the fluid constantly at 
e same height in the vessel, during a time represented 

r the formula ^ = "r • 

X 

164. Let us suppose fluid to descend in a vessel formed 
r the combination of any number of smaller vessels. Let 
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^9 ^19 ^£9 &^' ^ respectively the distances between the 
surface and aperture in the higher vessel, and the distances 
. between the apertures in the rest of the vessels; let JPi, JTg, K^ 
represent the surfaces of the fluid in the vessels, and k^jk^^ k^, 
&c. the apertures. Also, let jp^, p^^ Ps-^Pn ^ respectively 
the pressures' at the apertures. Then is p„ the pressure of 
the atmosphere on the surface of the fluid in the upper vessel 
Therefore (Art. 157.) 



P2 -Pi =«'«!-* 31 -^S 



dv 
'di 



-^''^iij - ^)' 



&C. =: &C. 



If, therefore, a represent the height of the aperture of 
the highest above that of the lowest vessel, and N the sum 
of the quantities JV^, iVg, &c. 

Now, k may be any section whatever of the vessel, v being 
the velocity through it. As before, let it coincide with the 
surface K. Then, multiplying by — d», we shall have 

0^^g{a + z)d% + kNrdV + ^V^K''S.('^^-' 4ri)dz. 



From this linear equation all the circumstances of the motioB 
may be determined as before. 



CHAP. IV. 



ON HTDRAULIOS, OR THE MOTION OF FLUIDS IN PIPES. 

Xo determine the motion of an incompressible fluid in an 
exceedingly slender tube, the bore or transverse section of 
which is every where the same. 

165. In all cases of fluid motion when the impressed 
force is gravity, we have 

V =/D {gdz — /d«). 

Now this integral is to be taken throughout the fluid at 
o, given instant of the motion. But, the section of the tube 
being every where the same, the motion of every particle of the 
fluid it contains, is at cmy given instant the same, or, the 
accelerating force /on each particle is the same; BnA.J'fds^fs. 
On the supposition therefore that D is constant, 

p^D(g» ^fs) + C {A). 

Where s is the distance, measured along the tube, from the 
extremity by which the fluid enters, to the point where the 
pre^^ure is to be determined. 

166. Suppose a fluid to enter a pipe, as above, from a 
reservoir whose surface is of infinite dimensions, a$ compared 
with the section of the pipe. It is required to determine the 
motion when it has becomes uniform. Let x be the depth of 
any portion of the fluid in the tube beneath the surface of 
that in the reservoir. By equation (^), 

p^Dgx + C, 
Z 



since y = 0, the velocity being uniform. At the extremity 
where the tube communicates with the reservoir, let x ^ z^, 

.-. p;= Dgx, + C. 

But (Art. 13S.) /J, = Dgz_ — ^-Dp* + p' 

p being the unit of atmospheric pressure on the surface, and 
V the velocity at the orifice; 

... C = - !/>«"- + p', 
and ;) = OS's; _ ^Dr= + ?»'. ^j^| 

Hence at the extremity of the tube where (he eflux takes place, 

= Dgx — ^ Dv-, and w" = 2gx.- 

167- Suppose the fluid to he wholly contained in the 
tube. Let «, and s_^ be, at any time, the distances of its two 
surfaces from either extremity of the tube, measured along it. 
And let «, and sf^, be the corresponding depths of the surfaces. 
Then taking the integral (J) from one surface to the othetj 
since at both p equals the pressure of the atmosphere, we ban 



- X (»„ 



',) +/(«. 



«.) = 



<^)- 



..(B), 



and generally 



I 

tionU4 



■ This eqUHtion results immedijitely, from the consideratioii il 
the motion is produced bj the pressure of that portion of the fluid 
which is above the plane of the two surfaces. Now this pressure ii 
equivalent to the weight of a fluid column of the same ba«e and 
altitude. Therefore the effective moving force equals g {z^^—z)h 
And the mass moved if. (*„—*,) *; therefore the accelerating force 



-fe> 



Ji 



Now t)dtj ^fds = jg- /^?^^iIlf^^ d« ; 

If the quantity offiuid contained in the tube be conistantly 
the same. 

*^^— s^ = constant = c ; 

if • ■ 

168. If the tube be incessantly supplied with fluid, so 
that the stream may be c(mtinu(mB from the point where it 
first entered it, %^ is constant. And taking the origin of 
the co-ordinates at the point of influx ; since %^ = 0, and 
«, = 0, 

^« = 2gfJ^^ (£). 



«.. 



Ex. 1. Let the tube AC A' (Fig. 50), curved at C, have 
its branches AC and A'C perfectly straight, and let them be 
inclined to the vertical at angles 7 and 7'. 

Let M and N be any positions of the surfaces of a fluid 
mpioing in the tube, and let P, Q be their respective positions 
ivhjen there is an equilibrium. And first let us suppose the 
quantity of fluid to remain the same throughout the motion ^ 
.'. MN=iPQj and taking away the common part JVP, JIfPssQJV. 
Now the altitude of M above N 

= «f^— ^^= PM cos 7 + QN cos y=:PM (cos 7 -fcos 7'). 
Let PM^a;; therefore, by equation 2>, 
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tj« = ^ -£ y*(cos 7 + COS 7') ada;^ 

c 

.'. V^ 9z ^ (cos 7+ COS 7') (a?/ — «), 

w^ representing the extent of the oscillation ; 

.-, t = j ^ ?* cos-i (^\ 

\2g (cos 7 + cos 7') 5 \^/ 

The oscillations are therefore isochronous, and are per- 
formed in a time repreisented by the formula 

I 



5— ^— — r.TT. 

(2^ (cos 7 + cos 7') 3 



Let the tube be inverted as in (Fig. 51). Here the ac- 
celerating force manifestly tends to increase the quantity Wy 
and we have, 

f^ =! —y(coB 7 -I- cos *f)'md(s 



a= — (cos 7 -f-cos 7 ) (^ - 0?/) ; 

c 

I 

^ ^ c )4 /» dw 

"" (^2^ (cos 7 + cos 7' 5 e/ G^ — ^/)* 

(2^(co87+cos7)> a?^ 

• * 

Next let us suppose the position of one of the surfaces 
of the fluid to remain unaltered. Let the stationary surface 
be in A^ (F^g- 50), or (Fig. 51), and let the moving surface 
be in JV. 

Let AC A' = c, ACN = « ; .-. NA' = ± (c — ^). 

The sign + being taken according as we take the position 
of (Fig. 50.), or the inverted position of (Fig. 52.) Hence 
we obtain 



»^^^ ± (c — *) COS y ; 
therefore by equation Ef 



«• =s + S^ cos y /. ( j ds 

= + 2^ cos 7' <c h. 1 (« — ^)(. 

The position of the surface Ny at which the velocity = 0, 
oTj in other words, the greatest distance to which the fluid 
can, on the hypothesis, be made to flow in the tube, is deter- 
mined by the equation 

c h. 1. (s^ « ) = 0. 

*' 

Ex. dr To determine the motion of fluid in a cycloidal 
tube. 

Let us first suppose a given quantity of fluid to oscillate 
in the tube (Fig. 52.) Let MN be the portion occupied by 
the fluid at any period of the motion. 

Take' APss^MNj and list it be represented by S> Let 
PM = 8 J and a s radius of generating circle ; 



Ss 



,\ Sa.LK = 4*y*; .*. LK = — . 

2a 

Now by equation 2>,. 
Whence we obtain 



^==2 



x/i/j^-v|-e 



1^ 



When « = 0, < = 2 V - • - 







The oscillations are therefore isochronous and are each per- 
formed in the time SttV/ "" • 

8 

Suppose \he tube (Fig. 52.) to be inverted. Then as 
before 

2a 



^ » 






/. ^ = 2 



= , v/?h. i/-±i^=f^ 



Suppose the tube to be kept continually full. 
Let JM «3= <r ; .•. \JN = ^S — :<r ; 

.-. SaZ^JT = (T* - (25' - <t)^ .-, LK=^ 

^ 2a 

Now (equation £), 



%J iS . a . a ■ . 

. /ia /» 2dAy .^ /ia ^i'/S\ 

The velocity vanishes when S^^c^ ,or -4JS^ = sAMj and 

after the time 2 w v 

«^ 

Ex. 3. To find the time of the "oscillation of a fluid 

• - . •- . • -,.»■' . ■• < ..•• 

in a tube in the foilM of a catenary (Fijg. 53.) 



liBt Atf si ^i ^ AM'=s €i;^ JCs:^by sf, anJ x^^ the depths of 
the surfaces of the fluid below the point J, MNss.ci 



Therefore, (equation D), 



t,« = - ^ {a^h.l. |(c-*) + V«'+(^-«)'} {«+n/«' + *U 



+ (^ ^ *) n/ «* + (c --«)' + « v/ «' + «i + C. . 

169. To determine the motion of a fluid in an unequal 
tube 1?C, (Fig. 54.), the: ti^n^verse actions A;^ and k^^ of 
whose branches AB )Euid J(C are the same throughout each 
branch. 

Let f^ and f^^ represent the effective accelerating forces, 
and V J V the velocities of the fluid in the branches AB and 
JC of the tube respectively,: and let M and N be, at iany 
given time, the positions of the surfaces. Let AM := s^, 
Aff ^8^/ AP = S^, AQ=:S^^. 

Integrating equation {A) throughout the fluid, we obtain 

-/A-/.*. + ^(^.-0=^• 
NoWy supposing every particle in each transverse section 
to move with the fiiame velocity, we have 

dv dv 

Whence, eliminating in' the preceding equation, we obtain-. 

Ex. 1. Suppose a ^t>ew quantity offiuidy c, to oscillate 
in a tube whose arms are straight, and let PAQ, be the position 



■ t ft 
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of iequilibrium. Let PMrsfr^ incliiiations of PB and QC to* 
the vertical =5 •y and y^ . 



AM.k^ + AN.k^^=:JR.k,'{'JQ.k^/, PM.k^^QNK- 



Now i2f, — «f^^=Pif cos7^+QJVcos 7,,=<r cos y/+r^<rcosy,^y 

also *,&„+«,&,= (.y^+a) K+{S. - -j0K> 
whence we obtain by substitution, 

cr^ being the value of a when <j = 0. 

If the oscillations be exceeding smtM; neglecting the 
powers of a and <t^ above their squares, we have 

• - • • ,— "■" 

Whence it appears that the small oscillations are Uoehro^ 
notis, and that they are performed in the time^ 



g(k^,cosy^ + k^cosyj' 

If the surface Q of the fluid be kept continually at the 
same height we shall obtain from equation J?, 



^^= V^'\'ig cos 






where V is the velocity, when s^ = G. 
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170. If the bore of the tube be not the same throughout^ 
the quantity / becomes a function both of the position and 
the time, and we must have recourse to the hypothesis of 
parallel sections^ 

By Article (156), we have 

dv pda , k^v^ 



dt 



/"t-* 



p^gx ^k— I i_-+c 



K 



Taking the integral from one surface to the other, and 
representing / — ^ by JV, we have, since the pressure is the 
same on either surface, 

„.,{.„-,^-4.Ar-i»v(^.-^), 

where K^ and K^^ are the sections of the tube at the surfaces 
of the fluid. Now k is any section whatever of the tube; 
let it coincide with that surface K^ of the fluid from which 
the integral N is taken. Atid let V be the corresponding 
velocity; 

...o = ^(«„-.,)-ir,jsr^-ir*(i-^): 

■0 = g (»„ - z) da - Z,iV Fd F-i F« (l - ^^ ds, 

Now the dimensions of the tube being given, K^ is given 
in terms of ar^, also the quantity of fluid being given, K^^ and 
N are given in terms of %^ and «r^^, and %^^ is given in terms 
of x^9 and x^ in terms of «^. The quantities JT^, JT ^, JV, %^^ ss^^^ s^ 
are therefore all given in terms of one of them s^. The equa- 
tion is therdTore linear and may be integrated as before. 



CHAP. V. 



ON THE RESISTANCE OF FLUIDS. 

171- liET a plane surface M be supposed to move with 
an uniform velocity v in a fluid of infinite dimensions. Sup- 
pose also the motion of the Jluid to be uniform and in a 
direction opposite to that of the body, and let its velocity 
be r. 

Let / be the effective accelerating force generated or 
destroyed in any particle jm of the fluid, by the reaction of 
the plane, and estimated in a direction perpendicular to its 
surface. Also let R represent the pressure on the plane. 
Then is — i2 the resistance or force impressed on the fluid, 
and 2//U the whole effective force estimated in a direction 
perpendicular to the plane. And therefore by d^Alembert^s 
principle, 

2/At - i? = {Ay 

The integral 2//Lt is to be taken with regard to the whdie 
fluid mass at a given instant of time. Now since the velocity 
of the stream, and that of the body are constant, the dis- 
turbance is uniform, or the accelerating force (/), generated 
or destroyed, in every particle, similarly situated widi regard 
to the plane, is the same in every part of its course. Con- 
sidering therefore the line of particles which occupies the path 
of any particle (/ui), at present in contact with the surface 
of the plane, it appears that / is, with regard to each of the 
particles which compose that line, the same as it was with 
regard to /x, when it occupied the same relative position. Now 
with reference to this line of particles, M ds represent an 
element of its length and Ailf that element of the plane M 
which forms its base, we have, 

2//UI =/D .f/^M,ds = D . /^Mffds. 
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BvLtffig^ takm with respect to tb* dUientA psrticles 
of the column at any giten instant^ is the same wiihffd$ 
taken with respect to the single particle fij during the diffbreni 
successive instants of its motion. 

Calling 0' the whole velocity generated or destroyed in 
the particle /<, estimated in a direction perpendicular to the 
plane, we have therefwe J'fds = ^ v'*. And, as fiu: as it 
regards the line of particles in question, 

the integral heing taken from those particles among which 
no disturbance is produced, or ^' = 0, to those in immedjiate 
contact with the plane. 

On the whole therefore 

a « 2/m = ^D'S.v'^AM. 

Now if the directioii of the motion of the piane, and that 
of the stream be inclined to a perpendicular to the surface 
of the plane at an angle ^ ; the velocities of the plane and 
fluid, resolved in that direction are respectively V cos0, 
and V COR0. Also the velocity perpendicular to the plane 
is destroyed in that fluid which is immediately contiguous 
to it, and a velocity equal to its own is generated in the 
opposite direction. On the whole therefore the velocity lost 
in a direction perpendicular to the plane is (F? v) cos 0. 

.-. R = ^2)2 (V+vy cos'^AJf. 

And if we conceive the velocity of every portion of the 
fluid at present in contact with the jdane to have been the 
same befcnre the disturbance, 

i2=^Dif (F+t>)»cos«0 (B). 

If the plane be perpendicular to the direction of the 
stream, = 0,^ and the general expression becomes 
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i?=|Dilf(F+i?)^* .•.w.....(C). 

172. The above is the resistance to motion in a direction 
perpendicular to the plane. Now this direction makes, by 
supposition, an angle with the direction of the stream. 
Resolved in this direction, that is, in that of the motion of 
the plane, the resistance becomes therefore 

«cos0 = l^JDJf (F+t?)^cos^0 (D). 

And resolved in a direction perpendicular to the stream ; it is, 

iZsin0 = ^JDJIf (r+«)2cos^0.sin0 (JB). 

173. This last quantity is a maximum when co8*0 sin0 
is a maximum, or when 

— 2 sin* (p + cos^ = 0, or tan = — j= . 

* The theory of resistances may be deduced from the general 
theorem (Art. 132.) as follows: 

Suppose a fluid to impinge with an uniform velocity on a plane 
at reist. 

Now^ considering the line of particles which is in the path of a 
given particle of the impinging fluid, taking the plane or^ beneath it, 
and calling p, z, v the pressure^ altitude^ and velocity at the point 
where the disturbance of the given particle by the plane conunences; 
and Pj, z,, v, those at the point where it comes in contact with the 
plane ; since the motion is in the direction in which the pressure is 
estimated^ or tends to increase the co-ordinates^ we have (Art. 132.) 

P-P. = Dgi^- ',) - ^D(t^- O- 

Now, if we suppose the pressure at the posterior' surface of the plane 
not to be affected by the disturbance of the fluid, the unit of pressure 
on the corresponding point of that surface will be represented also 
by p; .'. p,-'P is the difference of the units of pressure at correspond- 
ing points of the two opposite surfaces of the plane ; 

.-. 2 ip-p) M = DgJ. {z- 2)M + i I>2(t>«- O M 

is the wkde pressure tending to produce motion in the plane. 

If, therefore, 2 = 2:^, and «=:0, resistance = -IDS t;^/ui. (See 
Appendix D.) 
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The angle thus determined is clearly that at which the 
rudder of a boat must be inclined to the stream, to produce 
the greatest possible ejSect in turning it. 

174. If a body be symmetrical with regard to a certain 
Yertical plane, and move in a direction parallel to that plane ; 
the resistances on the two symmetrical portions of it, resolved 
in directions perpendicular to its motion, will manifestly be 
equal and opposite. The whole effective resistance is there- 
fore in the j^ection of the motion of the body. 

Ex. Let a symmetrical wedge be supposed to move in 
the direction of its axis. Let either face be represented by 
Jf, and let be the inclination of the faces to one another. 

Q 

Then is ^ the inclination of either face to the direction of 
the stream : therefore by equation (D), 

Q 

resistance = DM (V+vY sin* - . 

175. To find the resistance on a solid of revolution 
moving in the direction of its axis. 

Suppose the surface to be made up of elementary planes 
PQf (Fig, 55.) formed by sections made through the axis 
ABf and perpendicular to it. Let PT be a tangent to the 
generating curve in P; then is PTA the inclination of the 
plane PQ to the direction of the motion. And the resistance 
(m PQ in that direction 

= ^D(V + vy. PQ. co^ (J - PTa\ 

^^D.PQ.(V + vysm^PTA. 

Now the angle PTA is the same for every plane similarly 
taken in the annulus ; therefore on the whole the resistance 
on the annulus JTQ = |r D . iTQ (F + tj)^ sin* PTA. But if 
m and y be co-ordinates of the point P, in the generating curve 

dv 
sin PTA = -^ , and JTQ = 2wyds, 

as 
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— j ds 
And whole resistance = ttJO (V + dY / y f;,-) dy. 



-«^-i 



= .2)(FTt,)yvji+(g)"pj^(^- 



The above is the resistance or whole impressed force 
generated by the fluid in a direction opposite to the bodies' 
motion. The effective retarding force * 



impressed force D ^ y \ \d(Jo) ) /rr\ 

= ^^Si = ;o.(»^+«) j^ "iG) 

Ex. 1. To find the resistance and retarding force on a 
sphere. 

Here the equation to the generating curve is 

dos _ y (^y\'^ 11— ^' 

therefore resistance = ^-^ i-.y (a^_y2^ ydy 






taking the integral from y = 0, to y = a. Now the volume 

.4 
of the sphere is - Tra^. If therefore D' represent its density, 

and the fluid be at rest, the retarding force = -■ , ^, = : 

loD a l6a 

where a is the ratio of the specific gravities of the solid and fluid. 



* This term is used in opposition to accelerating force. 
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£x. 2. To find the resistance on a spheroid. 

a 
Here a — a? = - (6* — y^)i ; 

da? a — y 
/dyy' fc«-feY + aV _ 6* + g^eY 



.-. resistance = ,rD(r + t.)*6' /%-llp 






7r2?(FT«)*fe* /^ (b''a^e*-a<'e'f+b*—b*) ydy 



irD(r+»)«6« 



o«e* 






,r2)(r + «)«6*C/ 6« \, , / aV 



2a*e* 



taking the integral from y = 0, to y = 6. The mass of the 
spheroid is -- ah^nriy ; therefore the retarding force 

Ex. 3. To find the resistance on a solid generated by 
the revolution of a cycloid about its axis, and moving in 
the direction of that axis. By the nature of the cycloid 

^ = a (l — cos d), y = o (9 + sin 6) ; 

da? sinfl . /dy\'^ ^0 

,•. -— =s c= tan- ; •*• 1 + i -r- I = sec - . 

dy 1+COS0 2 \dwj 2 

Also ydy = o' (0 + sin (9) (l + cos0) d0 


= 2a'(0 + sin0)cos*'- d0; 
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therefore resistance == 2 tt JO (F + «)• a^f(9 + sin 0) cos* - dO, 

1 

Now cos*-- :s= - (cos 2d + 4cosd + 3}; 

.-. /cos* - . . d0 = - H(20 sin20+cos 20) 
+ 4(0sin0 + cos©) + - ff^X, 

Also Ainfl cos*- d0 = — 4/'cos*- d cos- = cos*-; 

•^ 2 •'2232 

therefore resistance = 27rZ> (F+tj)' 

„ Cd sin 20 cos 20 sin cos 3 ^. 2 ^0) 

o^S ^ + + — 0* — cos®-> + C. 

^16 32 2 ^2 ^16 3 23^ 

And taking the integral from = 0, to = 7r, 

resistance = wD (F+ «)* . o* . 5 — + - >. 

176. To find the resistance on any symmetrical body 
moving in the direction of its axis. 

Let 1^ = be the equation to the surface of the body, 
the axis about which it is symmetrical being taken for the 
axis of X. 

Then the line of the inclination of any elementary portion 
of the surface, whose co-ordinates are a?, y, «f, to the direction 
of motion is 

du 
dx 



/du\^l^' 



1(£) + O - 0\ 
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INTow the area of the element is 






G 



du\ 

30/ 



(Sy^^^* 



.-. resistance, = ^ 2> (F+ «)* // -- — ^ ^- — 

J J /rft^y /dt^Y /dt^y 

177- On the rectilinear motion of a body in a resisting 
mediv/m. 

Suppose the medium at rest, and let kp^* represent its 
retarding force on the motion of the body. Let the niotion 
take place ivholly in the direction of the axis about which 
the body is symmetrical, and let the fluid be homogeneous. 
So that the quantity A;, dependent on the mass, the ratio of 
the densities and the surface on which the resistance takes 
place; may be the same throughout the motion. 

4 

Let «r be the distance, at any time, from the point of 
projection, and ± P the force accelerating or retarding the 
motion of the body. 

The whole accelerating or retarding force impressed on 
the body at any period of its motion is + P — kv^; 

.-. vdv = ± Pdoi — kv^dw (l); 

.-. «« = e-"^{±2/Pe^*'da? + C| (2). 



♦ The retarding force has been shown to vary as the square of 
the velocity^ in that case only in which the motion of the body is 
Uniform. The theorem cannot be extended to the case of variable 
motion except as an approximation. It is in this sense that it is here 
given. 
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178. In the case which P is constant, 



t)« = e-«*' 



{ ±2P/e^*'da? + C}^6-**' j ± £(c«*'- 1) +t);l 



where v^ is the velocity of projection. 

179. When 0? = 00 ^, t?'= H-?. 

Taking the positive sign we find that y — is a quantity 

to which the velocity continually approximates as. the distance 
increases, but which, in any finite distance, it never actually 
attains. This velocity is called the terminal velocity. 

180. If the negative sign be taken, the terminal viJue of 
V becomes impossible. The motion in this case therefore ceases 
at 2i finite distance from the point of projection. To find 
tWs distance, let v = ; 

K 

whence we obtain a? = — -h. 1. {-~r + iV 

2A? \ P . / 

181. tr:^ I — ^1 ' 5 5 -, 



1 fi ^' 



The integral of this expression is a logarithmic or circular 
function according as the upper or lower sign is taken ; that isj 
according as the force is in the direction of the motion^ a 
opposed to it. In the first case we have, taking the i&tegrdl 
from to Wy 
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., v/1 - . 



t = — ==^ h. 1. 







In the seconnd case, 
t = 




Substituting for x its maximum value, we obtain for the time 
in which the greatest distance is attained, 

1 ,1 

When u ^ « ^ ^ = ^ '^ 



Which quantity may be considered as a limit never exceeded 
by the time of flight. 

182. The distance w may immediately be found in terms 
of the velocity <?, (and conversely), when P is constant, by 
equation (1), from which we obtain, 

»^ = — ^ — r-^; ••• ^ » T h. I. I =; -— I. 

183. On the small vertical oscillations of f/oating bodies 
as affected by resistance. 

That portion of the accelerating force, on bodies oscil- 
lating vertically, which arises from the pressure of the fluid 
(independently of the resistance), varies as the distance 
of tb0 plane of equilibrium from the surface of the fluid, 
as long as that distance is small. . Call it ^. Let v be the 
corresponding velocity, and suppose the variation of the 
resisting surface to be small as compared with the whole 
surface, so that h may be considered as remaining constant 
during the motion. 
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Let Mos equal the accelerating force produced by the 
pressure of the fluid; 

.-. P = - Mx. 

and v" = e-^*' {^^Mfxe^'^'dai + C\ 






{-"(•■'-Q^^ 



Taking the integral from tc^ to /r. Now neglecting terms 
of above three dimensions in w and w^, 

(2kw— 1) 6"<"-'> = (2&a? - 1) +2&* («?/-«»«) + 4ft»af, (x-xY; 

Whence we obtain by reduction 

"^ '^ l(l^2ka;^y \ 1-2&V5 



cos '2Ap/r,— COS 



^1 C^(l— 2&a?^) + 2&»/ 






1 



For the whole oscillation, 



_^ cos ^2kaf 



ss/M(1^2kaf^) ' 



184. 7^0 determine the vertical motion of a body through 
the atmosphere^ when acted on by no forces^ but simply tm- 
pelled by the velocity of its projection. 



-2^-1 



/'h©r^' 



Let ^^ ^r-^— = k. Therefore 

Jy^dx 
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retarding force = —•, v^k. D being the density of the air, 
and D' that of the body. Now if we conaider gravity constant^ 

we have (Art. 121.) D=^D^ c**, where D^ is the density of 

D 

the atmosphere, when af = 0. If therefore o* = — ^; retarding 

force = Aro-w'e""^;' 
.-. h. 1. -^ = 2ArA(7 (e * — 1) ; .'. h. 1. - = M<r (e * — 1) ; 

186, The above theory is applicable to .the motion of 
rays of light incident nearly perpendicularly on the atmo- 
sphere. 

If we suppose v and v^ to be the velocities in two con- 
secutive media, 0, 0^ the angles of incidence and refraction 
at their common surface, and 2>, and D' their dendties, we 
have (Poisson, Art. 307.) 

tj^__sin0 v^ — v tan^(0 — 0^) 

V sin0/ " v^^-v tan -^(0 + 0^)* 

But since v and v^ are exceeding great, and v^ — « finite, 
^ + V = 2u. Also (p — (f>, is exceeding small ; therefore 
^ + 0, = 20; 

.•. -^ =; ^ ^ , ^^ ; /. — 0/ = -^ tan <6, nearly. 

Now by the last article. 



^ _ ^ g*»<r(€ * -1) ^ ^ eS7<^-^^ 



/ 






.rl^; , 



■ (Z> — iJJ is exceeding f 



.i^(i'-A). 



and 1^^- 



7 (D - />,) tan 0. 



Which is precisely the result given by observation* 

186, We have supposed the same theory of resistance 
to obtain in incompressible and elastic fluids. This ie however 
by no means the case. The integral J'D . AM. fds is mani- 
festly to be taken in elastic fluids; regard being had to the 
variation oi' density produced by the resistance. This varia- 
tion cannot be determined on any principles hitherto established. 
If, however, only that portion of the fluid whicli is in im- 
mediate contact with the body be considered, and its density 
be supposed uniform ; then calling D the density before the 
motion, and R, at any time, the resistance. The density will 
be represented by 

D-h C.R. 
Since the increment of density varies as R. 

.-. R = MiD+CR)ffds = lM(D + C.R){V^ 



i-^MDiV+vf 
ctiroitinear motion in a resisting medium. 



187. If a body 
by any given forces; 



Qove in a resisting medium, impelled 
its Telocity will be that due to the 



Generally, the medium being given, the resistance variee U 
where D' is the density of the body, and ip a direct function of 
therefore however small the body may be, 



its magnitude. 

if its density be proportionally great, the coefficient of the 

will remain finite, and, when the velocity of projection is exceeding 

great (since it can only receive a finite diminution) the 

P— Ati* will, throughout the motion reduce itself to — tti*. 
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uniform action of their, resultant, through one quarter of the 
chord of curvature which is in the direction of that resultant. 

Let X and Y be the forces, resolved in the directions 
of 0? and y {Px and Pilf, Fig. b^\ Take FN the normal 
at P, and let PQ be the direction of the resultant of X and F. 
Let the motion of the body be toward B ; 

••d? = -^-^57- <'>' 

.-. -^ -j^ ^= Ydx--Xdy\ 

Now tan QPN = tan (QPJtf + MPN) 

X dy 
_ Y^ dx _2Cdx + Ydy 
Xdy ~ Ydx-Xdy'' 
' ~ Ydx 

^T>.. YdX'-Xdy 
.'. cos QPN = 7-iFr71F2T73"5 

{X^ + 1 )J d« 

/. ^ chord of curvature in the direction PQ 

ds^ YdX'-Xdy _ 

Therefore, the velocity is that due to the unifcurm action of 
the force {X^ + Y^t through the space K, 
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18ft From (equation 1) x y - (equation 2) xar we obtain 

(d«\* ds^ ,,^ ,^ ^ ■ xdy — ydw 

(J 
-- Y and of the density, also this 

— V therefore 

between the equations (3) and (4) we shall obtain an equation 
in w and y to the trajectory. 

189. If the force X = 0; from (equation l) x dx 
+ (equation 2) x dy^ (or directly on the principle of the 

conservation- of vis vi/va), we obtain 

dv"" = - ^Ydy^-^Rds (6). 

Ydrda ds^ 

Now by (3) V- = ^-^—^-^^=. Y-^, 

considering dw constant; 

/ds^ \ ds^ _ /ds\^ 

■•■ '{^y'^y^'^'y^^'^W ^'^ = ^fe)- 

Suppose Y == constant ; 

ds^d^v ds^ 

d^V ^ ds 

■■■^m? = -'''iry (')• 

190. When the force P tends to a center, the velocity 
is that due to one quarter of the chord of curvature throu^ 
it. 
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By (equation i) x dw + (equation 2) X dy, we have 

d ('^\ = - ^PdT'-ZRds; 

.-. d{PK)=^-^Pdr^Rd8, 

/d8\^ 
also i? = Q / — \ = 2QPK; 

.'. d(Pir)+2Q(PK)d8'hPdr=^0. 

Now if p represent a perpendicular upon the tangent 
from the center of force, 

^ dp K p 

-.-. dh.l. (PJr) + 2Qd« + dh.l.p^ = 0; 

.-. h.l. — ~- + 2/Qd«=:0; 



2dp' 



- « g2/gd* 



Pdr ""C 

dr^ „ /du\^ 



1 ,1 or- „ /auY 

dp-^ 2d*i^ dp-« , -d^i^ Pe*^***' 

dw ^ d0^ ' dr ^ de- C ' 



d^w . Pc'^^"' 

dd^ 2 Cw^ 



191. Results deduced on the preceding theory of re- 
sistance, are in many cases wholly at variance with experiment. 

The following may be assigned as causes of this dis- 
crepancy : 

2C 



193. First, the level of the fluid is not the same «^ 
two opposite surfaces of the body, it is higher than the levS 
of the rest of the stream at the auterior, and lower at the 
posterior surface. 

Let the plane PQ (Fig. 73.) be at rest in a stream of 
fluid whose motion is in the direction AM. Suppose the 
disturbance produced by the anterior surface to commence 
at M, and that by the posterior surface at N- Now con- 
sidering the line of particles which is in the path of any 
given particle, taking the plane of try beneath it, and calling 
p, X, V and p,, k_, v the pressures, altitudes and velocities 
corresponding to two given points in it ; we have (Art, 132.) 

p _ p = _ p^(ar - X,) J.^Div'- v'^y 

The sign + being taken according as the motion is in the 
direction in which the co-ordinates are measured and the pres- 
sure estimated, or in the opposite direction. 

But at the surface of the fluid p = p, = the unit of 
atmospheric pressure ; 

Now, taking M and P to be the points corresponding to «, <i 
and X,, v , and using the negative sigjif we have, since v' =0, 



-?(«^ 



o-i- 



— ss^, shows x^ to be greater than z, or 
; the surface of the rest of the fluid. 



The negative value of (k 

the point P to be sho\ 

Also, 1? = V 2g-£P, the fluid is therefore raised, at the 

anterior surface of the plane, to the height due to the »■ 

locity of the stream. 

Again, at tlie posterior surface, let the altitudes and re- 
locities corresponding to the points N and Q he sr, e^ and 
« , «'. Taking the positive sign, since the pressure is esti- 
mated, and the ct>-ordinates measured from N towards Q, 
or in a direction opposite to the motion, and observing 
c = 0, we have 
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LQ is therefore positive, and the point Q lies below the 
surface of the fluid at the depth iQ, due to the velocity 

at ^. ■ 

193. In addition to the pressure arising from the inertu^ 
of the fluid ; the plane sustains therefore a pressure produced 
by the weight of that which is in contact with the part of it PQ, 

Now PQ = PL + LQ := ' , 

.-. pressure on PQ=^^gD PQ^ = — ^^ '—. 

If t? = © , the pressure = . On the whole therefore the? 

^ ^g 

MDv' mDv^ „. , . , , ^ , , 

resistance = { , calling m the width oi the plane. 

If the velocity be considerable, the last term of this expression 
evidently becomes a principal element of the whole. In this 
term therefore we find an adequate cause for the difference, in 
direct impact^ between the received theory and experiment, 
which difference is found only where the velocity is great. 

All that has been said above, may be extended to the 
case in which the plane as well as the fluid is in motion, 
by communicating to both the velocity of the former, in 
an opposite direction. In this case the resistance 

_ MDjVTvy mD(V:fvy 

""2 2g ' 

194. The second cause of difference between theory and 
experiment, has reference to the case of oblique impact. 
It is in this case that the error of the theory is most remark- 
able. We have supposed the reaction of a surface to take place 
only in the direction of its normal. There seems no suf- 
ficient ground for the application of this hypothesis to the 
case of fluid resistance. It does not follow that the particles 
of a solid, however accurately they may be made to arrange 
themselves in the same plane (which is all that would seem 
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to be implied in smoothness of surfiifee) should on* that 
account, be effective on the particles of a fluid brought 
severally in contact with them, otherwise than though they 
were not so arranged, or even than though they were de- 
tached and assumed to themselves the form of another fluid. 



CHAP. VI. 

ON THE MOTION OP ELASTIC FLUIDS. 

196. To determine the motion of an elastic fluid into 
another of different density — -both fluids being supposed of 
infinite extent. In all cases of fluid motion, 

dp=: D (dP + fds), 

P representing the integral J*(Xdoff + Ydy + Zdz). Now 
if A be the height of an homogeneous atmosphere, p = ghD ; 

/. gh^ = dPTfd8 (J). 

P 

Both fluids being of infinite extent, their density can ex- 
perience no sensible variation from the finite increase or 
diminution of the quantity of either fluid. The difference 
of density which is the cause of motion will therefore remain: 
unaltered, and the motion itself ultimately become uniform, 
so that the different particles of the fluid will he impelled 
by the same accelerating forces as they pass through the 
^ same points in space. Hence precisely as in the case of 
incompressible fluids it may be shown that jyds = ^v^; 

,\ ghh.], p = PT i«' + C. 

196. Let the impressed force . be that of gravity, and 
call p and v the common pressure and velocity of the fluids 
at the aperture. 

Therefore in the medium out of which the motion takes 
place, 

gh h. 1. p = gz - ^v^ + C. 
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In the' other medium, 

gh h. 1. p = gz + ^ t)« + C 

Suppose isr to be measured from a horizontal plane, inter*- 
seating the two fluids — p^ and p^ to be the units of pressure 
at given points in this plane — and the fluid in contact with 
it to be at rest ; 

in 

.'. ^A h. I. ^ = gx — ^ v°; 



P 



1 



P 

ghh.l. ^ =zg% + itj^ 

.'. gh h. 1. ^ = v\ 

If Dj and D^ be the densities of the media at the plane 
from which « is measured, 

?i = :^; ... ^A h. 1. § = t,' (5). 

Let 5 be the density at the aperture; 
^ P 1.1. 1 ^ 

= gx-:^ghh. I. g> ; .-. gh h. 1. (1) (|>y = g, ; 

V 

197- If the motion extend but to a short distance above 
the aperture, so that the plane wy may be so taken, that % 
may be small when compared with A, 

S = (Z),A)i ...(O. 

Or the density at the common aperture of two elastic fluids, 
ift a mean proportional between the densities of the fluids 
themselves. 



.'. t: = —5 ••* Sh h. 1. — = ^5f - itj* 
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198. We have supposed no variation to take -fiace in 
the densities of the media from the continual variation in 
the quantities of fluid they contain. , It is clear, that admitting 
such variation, the motion must no longer be considered 
uniform. If, however, the aperture be exceeding small, it 
may be shown as in the case of incompressible fluids, that 
the error resulting from this cause is inconsiderable and may 
be neglected. We have therefore generally in the cases of 
small, apertures, 

V = ygh — ' , and 5 = jD^By,, 

199. Let there be two vessels, containing air of an 
uniform density, and let them communicate by means of a 
common aperture k. 

Let J/ J and Mo, be their capacities I)\ and D' ^ the imM 
densities of the air, and D^ and B^ the densities after the 
time t. 

Now the quantity of air in the first vessel is diminished 
in the time t by kf^vdt ; 

.-, M^D^ + kfSvdt = M^iy^i 

.: k^vdt = - M^dD^; 



.'. t = 






also since the same quantity of fluid is continually divided 
between the two vessels; 

/. M^B^ + MoB^ = M^B\ + M^B\. 

Eliminating B^ between these equations we have an equation 
in t^ and Z)^. 

200. In the above investigation we have taken into 
account, that variation in the density of the fluid about the 
aperture which results from its motion* 
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]| In the theory commonly adopted, this variation is neg- 
zl lected together with the variation of pressure which arises 
fiom the motion of the fluid in the second vessel. 

If we adopt the former part of the common hypothesis, 
and integrate the equation A^ considering D as the same 
fo* the different values of /, we shall obtain, 

p = gJDdz + 1 Dv\ 
Therefore in the two vessels, 

and p = ghD^+^D^v% 
and at the aperture, 

t 



.'. v^ = 2gh 



D,^D, 



If the fluid pass out of the first vessel into a vacuum, 
or into a medium very nearly approaching to it, the value 
of Z>2 may be neglected, and v^ = 2gh. The velocity is 
therefore that due to the height of an homogeneous atmosphere. 
We shall investigate, no farther the results which may be 
deduced on this hypothesis. It is manifestly erroneous. 



201. Suppose a vertical prism (Fig. .64.) containing air 
to be closed by a piston PQ moveable within it. When 
the piston is loaded with the weight PT, let it rest in the 
position BC. 

It is required to determine the motion when a weight w 
IB in this position added to W, Let AB = a, BP^w, The 
elasticity of the air in ABCD being represented by Wg\ 

that in APQD is represented by . The impressed 

a — w 

moving force on the piston is therefore, 

a — a? 
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t a^x) 
.-. v^ = 2g ]w + -— — h. 1 

Taking the integral from to w. 

In the above we have supposed a vacuum to exist above 

the piston PQ. Let us now take in the consideration of 

atmospheric pressure. Let W g represent the weight of the 

column of air incumbent on PQ. Adopting the same notation 

as before, the elasticity of the air in ABCD is equivalent 

to the weight (Pr+ W)g. The elastic force of that in APQD 

(W+W)ag 
is therefore : . Also the downward pressure on 

o — a? ^ 

PQ is ( W+ W" + ft)) gj and the mass moved is (W+ w) ; 

. ••. (W+w) vdv = \(W+ W' + w)g - (^+^)^g ? d<p. 

f a — jff 3 

202. To determine the acceleration of a , bullet in: the 
barrel of a gun. 

Let P (Fig. 65.) be any position of the bullet, and B 

that in which its motion commenced. Let Wg represent the 

expansive force of the air in AB, Wg the atmospheric 

pressure, and wg the weight of the bullet, AB^ra, AP=x, 

Then the elastic force of the air in AP is represented by 

Wag . . Wag 

-; the impressed moving force by — W^g; 

the mass moved by ft) ; 

^Wag , ) 

/. wvdv = < Wg\da}\ 

(Wa^ ^ X W' J 

/. v"- = 9.g I : h. 1. (.r~a)V. 

(ft) aw 3 
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In the above we have taken no account of the variation 
in the elasticity of the fluid produced by the actual motion 
of its particles, and variable from one point in it to another. 
Where the expansion is rapid, as in explosion of a cannon, 
this is evidently a fertile source of error, and accordingly 
the results we have deduced are found in this case but very 
imperfectly to agree with experiment. 



CHAP. VII. 

ON TBE GENERAL EQUATIONS OF THE MOTION OF FLUIDS. 

203. The fluid mass, the motion of which we are about to 
consider, may be homogeneous or heterogeneous, incompressible 
or elastic: all its points are solicited by given forces, such 
as their mutual attractions, and other attractions directed 
towards fixed or moveable centers: and the forces which 
act at any point whose co-ordinates are a?, y, », are reduced 
to three JST, F, Z, parallel to the three axes Ow, Oy^ Oz^ 
of co-ordinates. The quantities X^ F, Z, are simply functions 
of J7, y, », when the given forces do not change intensity 
during the motion, and are directed towards fixed centers; 
but when these forces are directed towards moveable centers, 
«nd when they proceed from the mutual attraction of the 
fluid particles, the Values of JP, K, Z, will involve the time 
in their expressions. In general then X^ F, Z, will be func- 
tions of <r, y, z, and t 

Let us also resolve into components parallel to the axes 
Oar, Oy, 0%^ the velocity which corresponds to the co-ordi- 
nates 07, y<y z ; and let u^ i^, w^ be the respective components^ 
These will be unknown functions of /p, y, z^ t\ they will 
depend on the co-ordinates a?, y, z^ because for the «ame value 
of tj the velocity varies from one particle to another in 
magnitude and direction; they will depend also on the time t^ 
because for the same values of «?, y, ^, the velocity changes 
from one instant to another. If we wish to compare with 
one another, the velocities of the same parti<;le, at two sue*- 

2D 
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oessive instants, ne must suppose the variable i to become 
t + dt, and at the same time the co-ordinates fr, y, x of this 
particle, to become ^ + udt, y + vdt, x + tvdt: for in virtne 
of the velocities ii, v, w, the same particle which answered 
to the co-ordinates a;, y, x, at the end , of the time t, will 
answer to the co-ordinates tr + udt, y + vdt, m + wdt, at 
the end of the time t + dt. It follows then, that to have 
the variation of u, v, w, the component velocities of a certain 
particle, we must differentiate with respect to i, and with 
respect to x, y, x, taking udt, vdt, wdi, for the incrementa 
of these latter variables. In this manner we shall have. 



die-. 



dv! = - 



dt 



-vdt + - 



wdt. 



Let I 



L 



divide the fluid mass into rectangular parallele- 
pipeds, infinitely small, the sides of which are parallel to 
Ox, Oy, Oz. The volume of the element which answen 
to the co-ordinates x, y, x, will have for expression the product 
dxdydx. We may regard the density constant throughout 
the extent of this volume, and designating it by p, the mass 
of the element will be pdwdydx. Let us also represent 
by p, the pressure referred to the unit of surface, which the 
surrounding fluid exercises on the diiFerent faces of this 
parallelopiped, and which is the same on all the faces, ac- 
cording to tlie fundamental property of fluids. The two 
quantities p and p are, as well as the velocities m, o, », 
unknown functions of *■, y, k and t. The five quantities 
«, V, w, p and p, are the unknown quantities of the problem 
which occupies us : when they shall bo determined in function! 
of 37, y, X, and t, the state of the fluid mass will be known 
at each instant, because we shall then know tlie velocit)', 
its direction, the density of the fluid, and the pressure it 
exerts^ at whatever point we choose to fix upon, whether 
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3t the surface or in the interioii* of the mass. Let us seek 
then the equations on which the values of these five quan- 
tities depend. 

204. Three of these equations are immediately furnished 
by D'Alembert'*s principle. The velocities lost .during the 
instant dt by the particle submitted to the action of the forces 
JT, F, Z, are J^^dt—du^ Ydt — dv^ Zdt-^dw; for du^ dt), 
dir, express the increments of velocity which really take 
place during this instant, and Xdt, Ydt, Zdt, are those 
.^hich ^ould be produced by the forces X, F, Z, if the 
particle were free. Dividing these velocities by dt^ in order 
to have the measure of the accelerative forces capable of 
.producing them; designating these forces by -y' , F', Z'; and 
putting for du, dvy dwy their values above ; we find, 

du du du du ^- 

^--— - -— «^ — — tj - -— w = ^, 

dt dw dy dx 

,, dv dv dv dv , . 

F z —U :r- V w = Y 9 

dt dos dy dx 

• # 

_ dw dw dw dw _, 

Z r- — -r— W —V ~ W >= Z . 

dt dw dy dz 

But, according to D'*Alembert''s principle, equilibrium 
will have place in the fluid mass, if aU the particles be so* 
licited by forces capable of impressing on them the velocities 
lost or gained at each instant: the general equation of the 
equilibrium of fluids found in Art. 94, ought then to be ' 
satisfied, when we take X\ F', Z' for the accelerati\e forces 
parallel to the axes of co-ordinates. Thus 

(dp) = p (X'dw + F'dy + Z'dar). 

dp dp dp . _ . ' 

And if -T- , -r 3 -r- ^ be the partial difierential coeflicient^ 
dx dy d% 

of p With respect to a?, y, ^, respectively, 

dp y, dp dp 

. ' d^^P^' d^^P^' di^P:^' 



?1t 



Hence, putting for A", 


r, z', th 


ir vahiefe 


and dividing 


1 dp „ 


di. 


i(« 


du 


d« 


f da: 


df 


diC '* 


dy' 


T.-^ 






do 


d» 
dj*"" 


dv { 


1 ''P ,, 


d» 


iw 


d«! 


die 




" d( 


da: " 


dy' 


dz^-' 






(•)■ 



205. Each of the elements into which the fluid i 
was supposed to be divided, will change form during the 
instant dt, and it will also change volume if tlie fluid be 
compressible : but as its mass ought always to remain thf 
same, it, follows that if we seek what its volume and its delist; 
become at the end of the time t-\-dt, their product ought 
to be the same as at the end of the time t. Making then 
equal to zero the variation of this product, there will result 
a new equation of the motion. 

To form this equation, let us consider the rectangular 
parallelopiped, of which the volume was expressed by 
datdyds:, at the end of the t, and let us see the shape that 
this portion of the fluid will take at the end of the time 
t + dt. There will, of course, be eight solid angles of the 
parallelopiped, and as many angular summits. I call that 
summit m, which is nearest O, the origin of co-ordinates, and 
consider its co-ordinates to be exactly x, y, z. Let tlut 
summit, which lies from m in the direction of x, be i 
At the end of the instant dt, the co-ordinates of m bee 

m + udtt y + i>dt, z + wdt: 

at the end of the same instant the co-ordinates of n beco^ 

,1' + u'dt, y + v'dt, X -\- da -^ w'dt; 

tt', v', w', being the values of u, u, w, at the summit t, 
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because the'«lteration of Uy v, w, from m to n is, at a given 
instant, relative only to x. Hence the co-ordinates of n at 
the end oi dt hecome 

du dv 

d% dz 

dw 
x-tdz + wdt-^"-— dzdt; 

dz 

and the distance between m and n at the same time, is, 

Extracting the square root, and neglecting the infinitely small 
terms of the third order^ we have for this distance 

dw 

dz + -;— dzdt. 

dz 

Now let us consider the two summits which lie in the 
same diagonal plane of the parallelopiped as m and n, and 
let us call them m and nf, n! being that which is nearest 
the plane wOy. The parallelopiped being in its original 
position, the co-ordinates of m are x + dso^ y + dy, z ; those 
of w', w + dwy y + dy, z -|- dz. Hence, to obtain the distance 
between m and n at the end o{ dt, oe + dof and y-\-dy 
must be substituted for w and y in the preceding value of 

the distance between m and n. By this substitution -7— 

dz 

dw d^w d^w 

becomes -- — I- -; — ;- dw + — — ~ dy. Hence the distance 
dz dzdof dzdy 

sought is, 

dw - d^w d^w 

dz + --—dzdt + - — — dwdzdt + - — — dydzdt. 
dz dzdos dzdy 

Neglecting then the two last terms, which are of the third 
order, the distance at the end of d#, between m and n\ 
is the same as that between m and n. Thus the two sides 
connecting m, n, and m'y n'y which were equal at the com- 
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menceinent of the incremeDt of time dt, continue to be eqatf 
Bt the end of that instant, excepting so far as r^ards 
infinitely small quantities of an order which may be neglected. 
By similar reasoning it would be found that the two sides 
parallel and equal to these, continue to be equal to them 
during the same increment of time. In like manner it may 
be shewn, that in each of the other two sets of parallel 
sides, the equality of the sides is preserved during a very 
small motion. The value of each side in one of these eeU 
at the end of d(, is found by changing sr into y and w into e, 
in the value of the distance between the summits m, n, just 
obtained ; so that we shall have 



the value of each side in the other is similarly found 
changing x into x and ui into u ; we shall have 



i 



We obtain the volume of the element by multiplying 
the face, which was originally parallel to the plane xOff, and 
which passes through m, by the altitude of the summit n above 
this face. The area of the face is the product of the two 
sides meeting in the summit m, multiplied by the sine of 
the angle contained between them ; the altitude of the suminil 
is equal to the side which joins m and n multiplied by the 
sine of the angle it maltes with the plane of the face. Hence 
the volume of the parallelopiped will be the product of tbe 
three sides which meet in m, multiplied by the product of 
the sines of the two angles just mentioned. But as these 
angles were right angles in the original parallelopiped, neither 
of them can differ from 90" but by a quantity indefinitely 
small; their sines wilt consequently differ from unity by 
quantities indefinitely small of the second order, which maj 
be neglected. The volume sought will therefore be, 

(du \ / dv \ / dw , \, 
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^^Irfbrmiiig the multiplication and neglecting tertn^ of th^ 
fifth order, there will arise 

dwaydx (I+-7- o^H dt-{- -—dt ) ; 

\ dw dy dz / 

which is the volume at the end of the time t + dt^ of the 
element which wa» dwdydz at the end 6f t As p is a 
function of <r, y^ z^ and tj it follows that when t becomes 
t + dt, and at the same time w^ y, z^ are changed into 
m + udt, y + vdty x + wdt, the density becomes, 

p + '-f-dt + '^udt-{---^vdt + -^wdt 
' dt dos dy d% 

As the mass of the same element remains constant, if this 
density be multiplied by the corresponding volume, and the 
product be diminished by pdwdydx, the remainder ought to 
be equal to zero. If in performing the operation, terms 
involving dt^ be neglected, and the factors dxdydss and dt 
. common to all the terms be removed, we shall find, . 

dp . dp dp dp du du du 

dt dor dy dx " dw " dy " d% 

When the fluid is incompressible, and either homogeneous 
or heterogeneous,^ the variation of the density as well as the 
mass of the same element is nothing : so tHat, 

dp dp dp dp 
at dw dy d% 

du du du 

1 1 =0 

dw dy dz 

When the fluid is elastic p is a function of p. In both 
cases, then, we have two equations, which joined to the 
three equations (a) serve to determine p, p, w, v, w, in 
terms of Wy y, z and t» 

206. When the fluid is homogeneous and incompres- 
sible, the first of equations (c) becomes identical; and we 
have simply the second equation and the three equations (a) 
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to determine p, Uy u, w. To this case let us now proceed 
to direct our attention more particularly. And first, it is 
to be observed that the differential equations of the motion 
will be found to be susceptible of great simplification when- 
ever udx'{-iody'^wd% is a complete differential of a func- 
tion of Xj yj %, We shall assume this to be the case at 
present, and afterwards consider to what circumstance of the 
inotion this analytical fact has reference. 

Let udof + vdy '\' wdz = d0, being a function of /p, y, x^ 

which may besides contain t, but which is not differentiated 

with respect to this variable. Then, 
■ 

dd> dd) d(h 

duo dy' dz ' 

Hence the second of equations (c) becomes 

d*0 d^d> d^d> ,^ 

.d|-+d^+dl='« ^^- 

du dv dto 

Again, as uda; + vdy + wdx = dd>9 -r— d^H dy + — d« 

^ dt dt dt 

is equal to 

d*0 ^ d^d> , d^(b , 
dxdt dydt dzdt 

which is 

d.^± d.i± dM 

dt dt ^ dt . , d(b 

—- — dw + — ; — dy + — ; — dxj or a.-—-, 
dw dy ^ dx dt 

the differentiation of --^ being with respect to «, y, «^» 

whilst t is constant. Thus, 

du ^ dv ^ dw ^ , d(b 
-d.+-dy + -d. = d.-f^ 

du ^ dv dw ^ _ d(b 

so -— a<2? -I- — • ay 4- ---dx^^d, — ^ 

da da dw da; 
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du , dv ^ dto ^ _ dd> 
-—dy-^-r-dy+ry-dx^d. -^ 
dy dy dy ^y 

du , dv ■ dw , _ d(b 
-7- dz + --- dx + --- dz = d, -f- 
dx dx dx dx 

Hence, if we add equations (a), after having multiplied the 
first by dw, the second by dy, the third by dx, we shall have, 

X dd) dd} dxb d(b 

'^,dp = Xdw+ Ydy + Zdx'—d^—''--ud.--^'-~v.d.-;^'^w:d,--^; 
p dt dw dy dx 

and putting -f-, -^, -f-, in the place of u, «, w, this 

dw dy dx 

equation may be thus written; 

d<b dd)^ dd)* ddr 

The difFerentials of ©, -^, and -^ + -— -f ts , which 

a^ dw dy* ^dx 

are indicated in this equation, ought to be taken with respect 

to Wf y, X, without making t vary. 

It is permitted to suppose the formula Xdw -^ Ydy + Zdx 
a complete differential with respect to w, y, x, of a function 
of these variables and of t, since it is so in the case of 
attractive forces directed to fixed or moveable centiers; and 
these comprehend all the forties in nature which can act upon 
the particles 6f the fluid mass. Let therefore 

Xdw-\-Ydy + Zdx=^dV. 

* We shall have by integrating all the terms of the equation 
above, 

As the integration is relative to w, y, x, an arbitrary function 
pf t should be added : but this may be supposed to be included 
d(f> 



dt 
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207' ^" exact integral of 



d'^ d*0 d'< 



he obtained by supposing ^ to be a function of af + ^+if 
and t. 



Let a^ + f + s^ = i^, 
and t. Then 



I that di becomes a functitHi tf 



'diE dr ' dx dr ' r' dar dr- ' r" dr \r *^/' 



^'jt. 



ti"0 d°0 3?" + J/" + *'' 



r Vr 



d^0 sdd) d .Tip 



Integrating, 



-m-. 



=/m + 



"p=m'- 



./?+!? + » 




I 



This is the proper integral of the equation (d); for the 
supposition that is a function of r and #, is an artifice for 
effecting the integration, the legitimacy of which is proved 
by the value of thereby obtained. As this integral has 
been found whilst the origin of co-ordinates is arbitrary, and 
independently of any supposition about the manner of dis- 
turbing the fluid, it must receive a general interpretation, 
and be understood as relating to the mode of action of tbe 
parts of the fluid on each other. The velocity 



By this result *e tire taught that the motitms of the p<r- 
'tides in every vety small portion of the fluid ate direcO^d 
to or from a point, and their velocities vary inversely » 
the squares of the distances from this point. 



This law of the action of the parts of the fluid on each 
other, may be verified by conceiving a spherical mass of the 
fluid to be inclosed in an expansible envelope, and a small 
solid sphere to be placed at the center of the mass con- 
centric with it. By the insertion of the solid ball the fluid 
particles will be made to move from their cxriginal places 
through spaces, which vary inversely as the square of the 
distances from the center. 

It is to be observed, that the above law of the motion 
has been arrived at by supposing, tl^at uda^-^vdy + wdz 
is a complete difierential of a function of /v, y, x; and 
such lpri^ be the case when the motion is directed to or 
from fixed or moveable centers, for the same reason that 
JTdof + Ydy + Zdz is a complete difFereptial of a function 
6f w, y, Zf when the forces are directed to fixed or move- 
able centers. The 'motion resulting from the action of the 
parts of the fluid on each other, is found to be of this very 
ki^d ; hence the legitimacy of the supposition is established. 
The equations (d) and (c) axe however inapplicable, when 
the particles do not change their relative , positions by their 
mutual action ; that is, when the fluid n^iass moves ^s a solid 
would. In this case <p has no longer existence, and the 
pressure is determined by 

- = /(Xdof + Ydy + Zdz) + C, 
P 

Jf, F, Z including the forces resulting from rotation. 

208. In order farther to illustrate the ?^a$iu:.e of th^ 
integral obtained above, I will con$i4er the c^i$e ip which 
the motion is in space of two dimensions. 

Let the plane of motion be that of xy. Then we 
shall have simply 

d^(f> d^ _ 

'd^'^l^'"^' 

Assuming, as before, that y is a function of t and ir^ + ff 
or r*, 
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d0 d<f> dr ' dd> ' x ' 
dx dr d/v dr r ' 

d'^ _ ^*<l> ** d^ /I af'\ 

Hence ^ + ^ = ^ + ^ = 0. 
a or dt^ dr^ rdr 

rd(p rdip 

-. ^ ' dr dd) rd^(b „ ' dr 

But — = -il + -j-f-' Hence — = o. • 

dr dr dr rdr 

rd(b 
Integrating, -^ == f(t), <p = f(t) log r + F(0. 

It thus appears, that the velocity ~ is -=^-^ . The 

ar r 

meaning of this result may be illustrated as before, by con- 
ceiving fluid to be contained in a cylinder capable of ex- 
pansion in the direction of the radii, and a very slender 
cylinder of solid matter to be placed with its axis coincident 
with the other. The fluid particles, by the insertion of the 
solid cylinder, will be moved from their original positions 
through spaces which vary inversely as the distances from 
the axis. 

As the integral of --^ = — --^ is also (see Lacraixy 

doB dy 

Art. 319.) ' 

it is important to shew, that when the origin and direction 
of co-ordinates are indeterminate, this amounts to the.ooe 
already found. 

^= r (^- 7^ y) +f\w + J^\ y) 

^= -7^ F'iw-^~l y) + J^lf'ix + V'TTiy) 



Hence -^ and — cannot both be possible, unless A^A 
ax ay 

and B=iff'^ that is, unless F' and /' be the same functions. 
As the direction of axes is arbitrary, let y = 0; then 

-^ = 2F'(a?), and -^ = 0. 
aw ay 

This proves that the velocity is directed to or from the 
origin of co-ordinates, and is equal to twice a function of 
the distance of the same form as F\ Hence, 

Let oD-k-y V--1 = w, i? — y >^ — 1 = n ; so that 



2y=:(n^m)^ — 1 and r^ = 



mn. 



n~-m 



Then, /"(m)-/''(7i) = -7=/"(>y^) 

As this equation is identical, F'(ni) is the same as 



V- X r(Jmn). 



Hence F'{^sjmn) must = . : and the velocity 

r 

C being an arbitrary function of the time. This is the 
same result as was obtained before in a different manner. 

209. The integral in Art. 207, which is general in regard 
to the peculiar character of the motion of the fluid, having 
been thus obtained, we may proceed to apply, it to particular 
cases. For this purpose, an origin of co-ordinates and dir 
rection of the axes . must be fixed upon. 
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Let a, fif 7 be the co-ordinates of the point from which 
or towards which the motion at the point whose co-ordinates 
^^ ^i Vf ^ tends. Then 

The equation — y + -r-^ + -3-^ = 0, will be satisfied by 

dor ay dsr 

this Talue of <^, for a, )3, y' are in general functions of 
w, y, x^ and the time, but may be considered constant tot 
an instant, while ^, y, % vary a little, for the same reason 
that the center of curvature of a curve is a constant point, 
whilst the co-ordinates vary a little. The chief difficulty in 
the complete solution of a proposed problem, is the ascer- 
taining from the data the values of a, /3, 7. But some 
circumstances of the motion may be arrived at without the 
knowledge of these functions, as I am about to shew in the 
following instance. 

If any part of the motion be known to be rectilinear, 
we may consider this part by itself, whatever be the rest 
of the motion ; for the arbitrary functions which occur in the 
integral, teach us that there is no necessary connexion between 
the motion at one point and the motion at another, excepting 
such as we choose to impose. Suppose fluid to issue from 
a small circular orifice at the bottom . of a vessel, the form 
of which is generated by the revolution of any irregular line 
about an axis. The axis is supposed to pass through the 
center of the orifice. It is plain that along the axis the 
motion will be rectilinear, as there is no reason why there 
should be deviation in one direction rather than another. Let 

this line be the axis of <r. Then v = 0, w? = 0, » = 0, y = 0, 
j3 = 0, 7 = 0; 

= f(t) + — ^, and F = g'<r. 

For simplicity, I will take the case in which the fluid is 
retained at a constant elevation, and the motion has attained 
its ultimate state, so that the velocity is the same of all particles 



passing through the same point. Then because the velocity 

= -~ = — -z — ^^ , in the case supposed both F (t) and 
da; {x — ay 

a are independent of t^ and -~^ =:/'(^). The equation (c) 

dt 

consequently becomes, supposing p ^= 1, 

s 

2 

Also it is permitted to consider independently of the rest 
of the motion, that which takes place along any irregular line, 
always drawn in the direction of the motion of the particles 
through which it passes. . In this instance, when the fluid 
has arrived at its ultimate state of motion, F (^), a, )3, yj are 

all independent of t Hence as before -^ = /' '(^), and if 

q 3= the velocity, 

This agrees with Chap. II. Art. 137. 

210. With respect to compressible fluids, the equations 

in the general case are of too complicated a nature 'to be treated 

of here. Happily however, the most interesting case, that in 

which the motions are small, and no extraneous force acits, 

presents the fewest mathematical dii&culties. In this case we 

may omit in the equation (Art. 205.) the terms involving 

dp dp dp 
Uy «, Wj as factors, because -7- , -r- > -r- > must also be small. 

dx dy dz 

dp du dv dw 

Hence -y-. + 1- + T- + T- = ^'- 
pat dx ay ax 

or supposing d0 = udw + vdy + wdx^ 

d.h.l.p cP^ d'<f> d^(p __ 
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Let p = a^p. Then f-^ = «* / — - 

Hence equation (d) becomes, neglecting the square of the 
velocity, 

^ p dt 

a'd.h. 1. p d^(b 



so 






# 



Here again^ as in the equation for incompressible fluids, an 
exact integral may be obtained by supposing to be a func- 
tion of r and t ; and the integral, as before, has reference to 
the circumstance that the motion of every very small portion 
of the fluid is directed to or from a fixed or moveable center. 
We shall arrive at the equation 

the integral of which is, 

r0 = Fir-- at) + f (r -^ at)^ (Lacroiwy Art. S19.) 

The function F applies to a motion of propagation from the 
center, the function / to a motion of propagation towards tke 
center, as will be understood from the discussion of the analo- 
gous equations for motion in space of one dimension, which 
is given in the Appendix. 



CHAP. VIII. 



HYDROSTATICAL INSTRUMENTS. 
braMah*s hydrostatic press. 

211. L and H (Fig. 35,) are vertical cylindrical cavities 
in a solid mass EF of metal or other strong material. The 
diameter of H is considerably less than that of L, and they 
communicate through a pipe MN, LA is a strong piston or 
solid cylinder of iron fitting closely to the surface of the cylinder 
Z», moveable in it, and terminating in an extended surface 
at S, where the pressure of the instrument is applied. CH ia 
a piston similarly applied to the other cavity H^ and moveable 
by means of a lever DO, whose fulcrum is at O, At H is 
a valve closing downwards, and beyond it the cylinder is 
continued to a reservoir G. The channel MN contains a valve 
closing in the direction MN. The lever DO being raised, 
the valve H opens, and water is made to ascend, as in the 
common pump, from the reservoir G into the cavity H, The 
lever being then pressed down, the valve closes, and the water 
is forced through the channel NM beneath the piston L. The 
whole of the fluid having been expelled from /T, the piston 
is drawn up, and the operation repeated. 

The pressure thus produced on the bottom of the piston 
at L, and effective at B, is to the force impressed at H, as 
the section of the piston HC to that of the piston LA. 

212. Let R and r be the radii of the pistons LA and 
HC, L the length of the lever OD, I the distance of the 
>piston rod from O, and P the power applied at Z); 

2F 
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Therefore the pressure produced hy P &t H = — P, 

V 

pressure at B = —, (pressure at -ff); 

T 

' therefore pressure at J? = —^ - ^' 

This press appears to present the simplest and most eflTective* 
of all mechanical contrivances for increasing human power. 

> 

The limit to its practical application is found in the 
extreme slowness of the ascent of the piston Jff, when the 
ratio of the radii of the cylinders is considerable. 



THE HYDROMETER. 

213. The Hydrometer is used for determining the specific 
gravities of fluids. In its simplest form it consists of a hollow 
sphere C, (Fig. 57.) one of whose diameters is prolonged in 
the stem BA^ and to the other extremity of this diameter 
there is attached a second sphere D, so loaded with shot or 
quicksilver as to keep the instrument in a vertical position, 
and allow of its floating in the fluids to be examined. 

Now if the instrument be made to float in distilled water 
it will sink to a point A^ such that the fluid it displaces 
may be equal to its weight. Let the distance AB be divided 
into any number of equal parts, and the divisions marked 
on the stem and continued upwards from A. Now suppose 
the instrument to float in a' fluid, in which it sinks to the 
point P in the stem, distant ci? divisions from B. Calling 
M the mass of the balls A and jB, k the volume intercepted 
between each two divisions of the stem, D the density of water, 
D' that of the fluid, s its specific gravity, and a the number 



* If the cylinder H he ^ of an inch, and L a yard in diameter, 
a force of 41472 tons may be produced at J5 by a pressure of two 
tons at H, 
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of divisions in the portion of the stem AB ; the weight of the 
mass of fluid displaced, when the instrument is immersed in 
water will be represented by (ak'\-M)Dg, and when it is 
immersed in the other fluid, by (jvk -|- M) J^ g* Now each of 
these quantities is equal to the weight of the instrument ; 

M 

214. The most convenient method of adjusting and 
dividing the instrument is, commencing the division from any 
jpoint in the stem, which circumstances may point out as most 
convenient, to continue it upwards at equal intervals, and then 

to determine the constants a and — , by immersing the instru- 
ment successively in two different fluids, whose specific gravitieis 
*' and a" are known. If co' and x" be observed values of w 
measured from the point where the division commences, and 
M the whole mass of the instrument below that point, we have 

MM 

S = --, S = 



specific gravity corresponding to each division (ai) marked on 
the stem. 

M 

216, Resuming the equation s = — , we obtain 



k 



M 

M k 

X -^ ss 

k s 



2^8 

Differentiating with regard to x and 8^ 

M 

rf.r = — . - — - — ds. 

8" 

» 

Whence it appears that for any given small variation i,8 in 
the specific gravity of the fluid in which the instrument is 
immersed, the corresponding variation in the depth of im- 

M 

a + — 

mersion varies as — , which quantity may be considered a 

measure of the susceptibility of the instrument. It increases 
as the weight of the whole and the length of the portion of the 
«tem below the first point of division increase, and as the specific 
gravity of the fluid and the radius of the stem diminish. 

216. The Areometer of Mr, de ParcieuoB is in fact an 
Hydrometer of an extraordinary susceptibility produced by 
the extreme slenderness of its stem. The fluid whose specific 
gravity is to be determined by this instrunaent is placed in 
a cylindrical glass vessel, along its side a scale of equal parts 
is graduated, and the depth of the immersion is found by 
observing the division of this scale opposite, to the extremity 
of the stem*. 

217. The principal obstacle to the use of the simple 
Hydrometer, is the inconvenience and difficulty of calculating 
and marking against the dififerent divisions of the stem of each 
instrument, a different scale of specific gravity, and constructing 
the stem of that perfectly uniform thickness, which is necessary 
to the accuracy of the observations. 

218. To obviate these difficulties FaJi^renheit conceived 
the idea of sinking the Hydrometer always to the same depth 



* Such is the extreme delicacy of this instrument that the varia- 
tion of density produced by the falling of the Sun's rays on water 
of the common temperature, will instantly cause it to sink wioe 
inches in the fluid. 
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by means of a weight to be jdaced in a cup at the end of 
the stem. 

Calling W the weight of this instrument w' and (o the 
weights respectively necessary to sink it to the same given 
depth in water, and in the fluid whose specific gravity («) 
is required to be determined, M the constant bulk of the 
portion immersed, and D' and D the densities of water and 
the fluid, we have 

gDM = W + Wy 

_ D _ W+ w 
319* Differentiating, we get 

Hence it appears that for a given small variation ds of the 
specific gravity of the fluid, the variation of the weight w is 
as ilf, that is, that the susceptibility of the instrument is 
directly as the bulk of the part of it immersed. 

220. Mr, Nicholson has invented a form of the Hy- 
drometer in which it may be applied to measure the specific 
gravities of solid^ as well as Jluid bodies. 

Two metal cups B and C, (Fig. 58.) are attached to 
a ball A^ the lower C being of sufiicient weight to keep the 
instrument in a vertical position. When the Hydrometer 
floats in water let o) be the weight which must be placed in 
the upper cup B to sink it to a given point D. This 
weight being replaced by the body whose specific gravity is 
required to be determined, let u/ be the weight which must 
be added in order again to sink the instrument to D, 
The body and weight w' being now taken out of the upper 
cup, and the body placed in the lower, let a»" be the weight 
in B requisite a third time to sink the instrument to 2>. 

Call W the weight of the instrument, W that of the 
fluid it displaces when immersed to Z), M the volume, D the 
density of the body, and 2>' the density of water. 
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Then since, in the two first cases the weights ctdded to 
the instrument together with the weight of the instrument 
are respectively equal to the weight of the fluid displaced 
by the instrument, and in the third case, to the weight of 
the fluid displaced by the body and instrument, it follows 
that 

PT + w = W\ 

MDg + «o' + FT = FT, 

MDg + ft>" + FT = FT' + MLfg. 

Subtracting the first equation from the second, and the second 
from the third, we have 

MDg = CD — fti', 

and MD'g = w" - w ; 

D (o — (I) 



U (o — u) 



THE HYDROSTATIC BALANCE. 

221. The Hydrostatic balance is a contrivance for de- 
termining the specific gravities of solid bodies by observing 
the weights lost by their immersion in fluids of known specific 
gravity. In its simplest form it may be described as a common 
balance in one of the scales of which the body is first weighed, 
and then, being suspended by a slender thread beneath it, 
again weighed when plunged in the given fluid. If co and w 
be the weights necessary to produce equilibrium in the two 
cases, ft) — ft)' is the weight lost in the immersion, and is there- 
fore equal to that of the fluid displaced. 

Calling therefore M the mass of the body, D its density, 
and D' that of the fluid, 

gMD = CO, 

gMD' = ft) — ft)'; ; 
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D 



ta 



•'• o* — =y — >; 



where cr is the ratio of the specific gravities of the solid and 
fluid. If^ the ^uid in which the immersion takes place be 
water, 



0) 

s = 



(O — O) 



222. The equation gMD = cw, is only true on the ' hy- 
pothesis that the weight w is determined in vacuo, or that, 
the body being of considerable density, its weight ig ex- 
ceedingly great as compared with that of an equal bulk of 
the air in which it is weighed. 

To solve the problem with accuracy, allowance must be 
made for the buoyancy of the atmosphere. Let 2>" be its 
density, w the true weight of the body in vacuo, w in 
water, and w" in air; 

.'. gDM=w9 

gD'M^^w ft)', 

gjy'M = ft) — ft)'' ; 

.-. gM{D^D')=:w'^ gilf(Z)"-2>') = ft)'-ft)"; 

D^iy D'""^ ft)' 



" i)"-2)'""2>" "~fti'-ft)"* 

Calling, therefore, s the specific gravity of the body, and 
8 that of air, 

8 — 1 ft) W 8 — ft) 



.'. 8 = 



8 — 1 ft) — ft) ft) — ft) 

A correction, similar to th^ above, must be applied to 
all the cases in which the weight of the body is not deter- 
mined in vacuo. Since the specific gravity of the atmosphere 
is variable, it is manifestly more accurate to weigh the body 
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in any other medium of known and permanent specific 
gravity. The same formula is applicable mutatis mutandis. 

THE HYDROSTATIC BELLOWS. 

223. This instrument presents an illustration of what 
is termed the Hydrostatical paradox. It consists of two 
circular boards, A and J?, (Fig- 59.) firmly bound together 
by a cylindrical coating of leather or other pliable substance. 
MN is a tube communicating with the lower portion of this 
cylinder. 

Water being poured into the tube MN^ the boards A 
and B will separate. B will rise, . and a weight W^ which 
is exceedingly great as compared with that of the fluid in JfJV, 
may thus be supported at B, The fluid in MN^ which is 
thus effective in supporting the weight W, is manifestly that PJV, 
which is above the level of B, Galling k the section of the 
tube MN^ and K the area of the board 5, we have 

pressure on P k 
W ^K' 

Let M be the volume of the weight PF, D its density, 
and D' that of water; 



gD\PN.k _ k 
* gD.M - K" 

where 8 is the specific gravity of the weight W. 

I 

224. If Jf ' be the whole volume of fluid contained in 
the instrument, 

AB(K + k)+-—— = M'; 



. . AB = 



K 
M'K-Msk 
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If the quantity of fluid M' contained in the vessel be in- 
creased by m, the corresponding ascent ff of the weight W 
will be represented by 

or by 



K(K-hk) K{K + k) ' ' K^k 

CECIL'S LAMP. 

225. The oil is in this lamp kept continually at the 
same height^ and thus supplied in the same quantity to the 
burner. 

ABD and ACD (Fig. 6l.) are two hemispheres^ of which 
ACD is solid and moveable in ADB^ which is hollow, and 
has its interior diameter the same with the external diameter 
of the other. The oil is placed in the unoccupied portion 
MNB of the hemisphere ADB, and as it consumes, its surface 
is kept continually at the same height by the revolution of 
CAD. 

Let P be the center of pressure and Q the center of 
gravity of the plane MND^ and G the center of gravity of 
CAD. And let OD = a, <B0D=^9; therefore (Art. 42. 
Ex. 3.) 

S 4i a 

lO 3 TT 

therefore pressure on MND 



^QL.MND.Dg^- - sine.-— . Dg:=^-a\ Dg sine y 

therefore mom", of pressure upon MND 

3 2 1 ■ 

s= -2; tto - a^Dg sin 5 5= - a*Dg sin 0. 
16 3 ^^ 8 ^^ 

3 
Also OG = - a ; therefore mom™, of weight of CAD ^ 

o 

2 , 3 



= CAD . OKgD" = -Tra' . - a sin 9 gD' = - a^D^g sin & ; 

38 4* 

therefore there will be an equilibrium if 

2G 
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8 4 2 

And this expression being independent of 0, it appears that, 
if the specific gravity of the solid hemisphere be half that 
of the fluid, the equilibrium will obtain in every position of 
the former. 

THE DIVING BELL. 

226. The Diving Bell is commonly a hollow cylinder 
or parallelopiped, one end of which is closed. It is immersed 
with the open end downwards, weights, if necessary, being 
added to sink it and keep it steady in its descent. As the 
vessel descends, the fluid continually exercises a greater pres- 
sure on the contained air, condenses it, and occupies a greater 
portion of the vessel.* The bell being constructed of such 
dimensions in reference to the depth to which it is to be sunk, 
that a sufficient portion may remain unoccupied by the fluid; 
a platform is erected in this portion, on which those who 
descend take their station. 

227. Let w be the height of that portion of the bell 
which is free from water when the top is sunk to the depth if. 
Now, if h be the height of an homogeneous atmosphere, a the 
height of the bell, 2> the density of the external air, D that 
of the air in the bell, and D' that of water, 

g{hD^{H + w)D'\ 

will represent the pressure on an unit of the surface of the 
air contained in the bell. Also the unit of pressure arising 
from the elasticity of the internal air is ghD/^ 

.-. g{hD'\-iH-^x)D']=ghD^. 



* The method now commonly adopted is to form a commankir 
tion between the bell and the surface, by means of a leathern p^ 
through which the air is continually forced by a condensing po# 
and the surplus escaping under the edges of the bell ascends throop 
the water. The air is thus continually changed and made fit ^ 
respiration, and the bell is kept entirely free from water. 
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But the quantity of air in the bell being the same as before 
immersion, and the section of it the same throughout, 

Dx^Da\ .. hDx -^ {Hx^ x^)D' = hDa. 

* 

Or calling a the specific gravity of air, 

x" -\-{H -\-h8)x = h8a\ 

.-. Xz:z^\{H^h8)±^\{H, + h8Y^h8a. 

hero's fountain. 

228. ABCD (Fig. 62.) is an air-tight vessel connected 
with another vessel MKN and sustained above it, by tubes 
DM and JVC, of which, DM reaches nearly to the bottoni of 
NK and passing through AC communicates with an open 
reservoir above it, and NC proceeding from the top of KN 

. reaches nearly to the top of AC. GF is a tube proceeding 
. from a point near the bottom of ACy and communicating 
- with the external air by a small aperture at F, 

Suppose the vessel ADCB to be filled with water to 

the height of the extremity of the tube JVC. And let 

water also be poured into the open reseryoir which is above 

. ABCD, and communicates with the tube AK. The fluid 

will descend through the tube -iJT and occupy a portion of 

" the vessel MKN, compressing the air in that vessel with a 
force equivalent to the weight of a column of water of the 
same base with the surface of the fluid, and of the altitude 

- . AK. The air thus compressed in the vessel MKN, in the 

\^ tube NCy and above the surface of the fluid in the vessel AC, 
will exert on the latter surface a pressure, whose unit is greater 
than the unit of the pressure (of the external air) on the 
surface of the fluid within the tube FG, by the weight of 

.: , a column equal to the height of the surface of the fluid 
in the reservoir above that in NK. Hence it appears, that 
iUke fluid will be projected through the orifice at F, and 
iridsed to the height AV above the surface of that in AC. 

229. Let P and Q be any positions of the surfaces of 
the fluid in the two vessels. Let NQ = x, PC^z^, AM^a, 
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/ 

K and K^ sections of the vessels, and k of the aperture F^ 
M the content of the vessel NK^ m that of the tube CJV, 
and t the time from the beginning of the motion. Now, 
the air at present occupying AP^ MQ^ and the tube CJV, 
before the motion and under the pressure, occupied, the space 

h + a + ss M+m 

-'. ; = -— = (1). 

h K% + K%^ -\-m ^ ^ 

Also the pressure. at jF is equal to. that of the column AV, 
less the column FP'; 

.*. velocity of projection = ^^^g^a + x — x^); 



K. n dx 



(2). 



Eliminating x between these equations, and integrating; %^ 
and x^ and therefore the velocity of projection and the 
height of the fountain may be found in terms of t. 



THE COMMON PUMP. 

230. AB and BD (Fig. 63.) are cylinders connected 
together as in the figure. At J? is a valve jx closing the 
lower cylinder and opening into the upper. Jlf is a piston 
accurately fitting the interior surface of the cylinder -45, 
and moveable along it by means of a rod jE/a and a lever 
jEjF. In the center of the piston is an aperture /u, closed 
by a valve which opens upwards. The cylinder AB is 
terminated by a reservoir AF. The instrument is placed 
vertically, the suction pipe BD being immersed in the fluid 
intended to be raised. 

To explain the action of the pump, conceive the piston 
M to be depressed to B, the air in MB forcing up the 
valve Ik and escaping through the aperture. The piston U 
being then at B and both valves closed, suppose it tp be 
drawn up again to A. By the ascent of the piston Jlf, the 
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valve /A remaining closed, and no air being suffered to enter 
between the surface of the cylinder and the edges of the 
piston, the pressure of the air in AB on the tipper surface 
of the valve y! wiU be removed. Thte pressure, therefore, 
upon its inferior surface, arising from the elasticity of the 
air in BC^ being no longer couilteracted by an equal and 
opposite pressure upon its superior surface, the valve will 
open, and the air in BC expand itself over the whole space 
AC^ Its density and therefore its elasticity will thus be 
diminished, and the pressure on the surface of the fluid 
within the tube BC will become less than that of the sur- 
rounding atmosphere on an equal portion of the surface 
C'C" of the fluid without it. The equilibrium of the surface 
CfC therefore will be destroyed, and the fluid will ascend in the 
tube JBC, until the weight of the column CP above C is such, 
that the pressure on the section within the tube at C is the 
same with that on an equal portion of the surface without it. 

Let the piston be now again made to descend from A to 
B*, The air in AB^ by the continual contraction of the space 
in which it is contained, will again be brought to a density 
greater than that of the external air, the valve /ix will therefore 
again be forced open, the air beneath the piston will escape, 
and by its re-ascent the air in BP will be still farther rarified 
by expansion over the space AP. 

The equilibrium will thus again be destroyed, and restored 
by a farther ascent of the surface P. And thus by repeated 
strokes of the piston the fluid may be raised to the level 
of By and made to pass through the valve fx into the barrel 
of the pump BA. This being once effected, at each descent 
of the pjston a portion of the fluid will force itself through 
the valve /u. into the space above it, and at each ascent will 
be raised into the reservoir AF^ and discharged through the 
spout. 

231. Let P be the position of the surface of the fluid 
after the n^ stroke of the piston, h^ the height of a column 

* The air in ABP being of the same uniform density, the valve ix 
will close by its own weight. 
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of water which would at this time be supported by the elas- 
ticity of the air in BP, and let BP=a;„; also let A„+i, a?„+i 
be quantities similarly taken after the (n + 1)^ stroke. Let h 
be the height of a column of water whose pressure is equal 
to that of the external atmosphere, AB^a, BC = by ir=section 
of AB, k = section of BC* Then since the elasticity of the 
air in BP together with the weight of the column of water PC 
is equal to the pressure of the atmosphere on an equal p(Mrtion 
of the. external surface CC; we have 

K + (6- ^«) = A; 

.-. h^ - a?,, = A - 6, 
and this is true for all values of n; 

•*• ^n+i — ^n+l = h -^ 0, 

Again, since h„ and h^+i are as the densities of the air 
in thp pump after the n^ and (n + 1)*^ strokes, and that by 
the {n + 1)***, the air in BP is expanded over the space JQ, 
(Q being the position of the surface after that stroke) ; we have 

Therefore eliminating ^„+i5 

232. The length of the pipe BC is necessarily less than h, 
since, otherwise, before the fluid has risen to J?, the weight of 
the column PC will be equal to the atmospheric pressure on an 
equal portion of the surface CC\ and could even a vacuum 
be produced in MP, no further ascent of the fluid would 
follow. 
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233. In practice, the valves cannot be made accurately 
air-tight, nor can the piston be made accurately to fit the 
interior of the barrel, or to descend entirely to its lower ex* 
tremity B. This last cause may entirdy arrest the action of 
the pump. Suppose the play of the piston to be through 
the distance a' instead of a, or from A to B'. 

At every descent of the piston, the air in AB will be com- 
pressed into the space BB', Now it is necessary that its 
elasticity when thus condensed should be greater than that 
of the external atmosphere, since otherwise the valve /u will 
not be raised and no further rarefaction can take place beneath 
it. Now the elasticity of the air in AB after the n^ ascent 
is sufficient to support a column of water h^. If therefore A„' 
represent similarly the elasticity of that in BB'^ after the n^ 
descent of the piston, since the elasticity of air is as its density, 

K(a^ a')h^'.=: Kah„; 



a — a 



Now the column of water supported by the external air is k. 
Therefore in order that the action of the pump may continue 
after the n^^ stroke, h^' must exceed A, 



ah 
or 



— ^, >hoTh, > (l --Jh. 
a — a \ a/ 



To determine the height at which the ascent will cease, we 
have, since A„ — ^„ = ^ — ^5 

(a\ a'h 
1 lA; .-. b—af^< . 
aj a 

If therefore 6 be not less than the quantity — h water cannot 

a 

be raised into the barrel of the pump. 

234. If CN==hf it is clear that the water entering the 
barrel at each ascent of the piston cannot rise above N. In 
order therefore that the pump may discharge at every stroke 
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of the piston its maooimufn quantity of fluid the distance of 
the extreme ascent of the piston above C must ewceed the 
quantity h. If the surface C'C sink continually with the 
discharge, the quantity of water raised at each stroke will 
begin to diminish when AC becomes less than h, and the 
discharge will wholly cease when BC is less than A. 

235. To determine the height H o{ a. column of water 
whose weight is equivalent to the pressure on the piston M, 
when the surface of the fluid is at any point N above it, 
we have: pressure of fluid in CM upwards on JIf = the 
weight of the column A — CM : pressure downwards on M ^ 
weight of column H + NM + h ; 

.-. NM + h^ Hz^h- CM; 

.-. H=: CM + NM = CN. 

ARCHIMEDES' SCREW. 

ABC (Fig. ^,) is a tube wound in a spiral direction 
round a cylinder, which is moveable about its axis, and inclined 
at a given angle to the horizon. The extremity A is im- 
mersed in a fluid which fills the portion of the tube JJ', 
beneath its surface. 

The cylinder is put in motion about its axis, so that the 
extremity A and the portions J?, C, &c. represented in the 
figure as nearest to the eye, may ascend whilst A\ B\ C', &c 
on the opposite side of it, descend. 

Now by the nature of fluid equilibrium, the surfaces 
A and A! tend continually to establish themselves in the 
same horizontal plane. The surface A being therefore raised, 
and A! depressed, by the motion of the cylinder, it is 
clear that the former will descend along the tube towards 
A' and the latter ascend towards J?, and thus a con- 
tinual motion will be produced along the tube towards D- 
After the first revolution of the cylinder; the fluid in AJl 
will be made to occupy the position BB\ and the ex- 
tremity A being brought again to the surface of the fluid 
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to be raised 9 the portion A A of the tube will be a second 
time filled. By the second revolution this portion of fluid 
will be transferred to BB! ^ and that in B'S to CC And 
thus eventually all the difierent portions of the screw similarly 
taken will be filled with columns of fluid, which will continu- 
ally be made to move along it, and successively discharged at 
its extremity. AA\ Bff^ &c. are called the hydrophorous 
arcs of the screw. 

To find the equations to the screw of Archimedes. 

Let the axis of the cylinder lie in the plane of x%^ (Fig* 67.) 
then the base ACO of the cylinder is perpendicular to that 
plane. From P, a point in the curve, draw PC parallel to the 
axis of the cylinder, and CD, 2)d, respectively parallel to the 
axes Oy, Ow. Let AC = 9, therefore CP = 9 tana; if a = the 
constant angle at which every element of AP is inclined to 
ACO. Let L AOal^e\ 

then dist. of P from the plane of xz = CD = sin ; 

dist. of C from the plane of^y = D(Z=(l4- cos Q) cos e, 
and therefore, dist. of P from that plane 

= CP sin e^Dd=^ tan a sin e — (l + cos 6) cos e ; 

r 

dist. of D from the plane of xy = Od = (1 -r cos 0) sin e ; 
and therefore, dist. of P from that plane 

= CP cos e-^- Od = tan a cos e -f (1 + cos 0) sin e. 

If therefore, a?, y, z, be co-ordinates of P measured from O, 
parallel to the axes O^, Oy, 0%^ 

then w=:0 tan a sin e — (1 + cos 0) cos e, y = sin 0, 

x = tana cos e -f (1 + cos 0) sine (l) ; 

and the equations are 

a? = sin " ^2^ tan a sin e — (l + >>/l — y^) cos e, 

% = sin"^y tana cose-f (1 -f >/ 1 — y^) sine. 

2H 



toE. The value of $, corrcspoiiJing to that point in Ik- 
screw whose height above the plane of wy is a maximum, is 

given by the equation sin ^ = - — — ; as appears by makii^,- 



de 



: 0, in equation (i). 



THE AIR PUMP. 



I"' 
stn 
«I 
the 
(« 



336. AB and A'B' (Fig. 48.) are cylinders commonly 
of the some size, in which pistons P and Q are moveable 
alternately by means of rack work, the one ascending whilst 
the other descends. At the inferior extremities A and A' of 
the cylinders, are valves opening downwards. And at B wd 
B" are apertiires communicating with a vessel from wMch 
the air is to be exhausted, and which is called the receivffl. 

By the ascent of the piston P a vacuum is produced 
in the space AP beneath it, the valve A closing by the pressure 
of the external air. When the piston has ascended above 
the aperture B, a communication being opened between tiie 
receiver and the vacuum AP, the air from the former rushes 
into the latter space, and the whole acquires the same uniform 
density. On the return of the piston P, the air thus occupying 
the space AB is condensed until it acquires sufficient elasticity 
to force open the valve A, when it is expelled, and a second 
exhaustion takes place by the ve-ascent of the piston. The 
action of both pistons is manifestly the same, and thus tor 
each descent of either piston a volume of air is expelled 
from the machine equal to the content of either cylindCT. 

237- Let M be the content of the whole machiiKt 
receiver, tubes, and cylinders. Let N be the content of either 
cylinder or barrel, and let />„ be the density of the air 
contained in the machine after the m"* stroke. Now 3^M 
ia the quantity of air contained in the machine after the «* 
stroke, and the volume JV of it, or tlie quantity -D„JV, i> 
expelled by the (n + 1)"" stroke; there remains therefore in 
the machine the quantity of air D^M — D^N' after the 
(n + 1)"" stroke. And this is expanded over the space M; 
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if D represent the initial density of the air. 



THE CONDENSER. 

238. AB (Fig. 49.) is a cylinder, commimicating with 
a receiver jif, and P a piston moveable in it^ in which and 
at B, are valves opening downwards. 

The piston P being forced down the barrel, the valve 
in it is closed by the elasticity of the air condensed beneath 
it, whilst the valve at B is forced open. And when the 
piston has arrived at B, the whole of the air in Afi hag 
been forced into M. On the return b( the piston the valve 
B closes by reason of the excess of the elastic force of the 
air in M over that of the external air, admitted, through 
the valve in P, into the space BP. No air therefore escapes 
from JIf, and at every descent of the piston a quantity^ of 
air equal in volume to the content of the barrel, and of the 
same density with the external air, is forced into it. 

239. If therefore 2),^ and D^+i be the densities of the 
air in M after the n^^ and (n + 1)*** descents, M its content 
and N that of the barrel, also D the density of the external 
air, then 

J9„+i.iI/= D^.M + D.N; 



■•• -. = " ^ - ^1- 
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240. If the piston do not descend immediately to the 
bottom of the barrel, and the space intervening between its 
extreme descent and the receiv<er, be wi, 

JD^+, (M+m) = D^.M + D.N; 

by the solution of which equation of finite differences we obtcun, 

ND 






M 



The above solution applies to the case in which a giv^n volume 
of air, rriy is supposed at each ascent to escape from the con- 
denser whilst the valve B is closing. 



THE BAROMETER. 

241. A glass tube AB (Fig. 47.) having its extremity 
A hermetically sealed, \^ filled with mercury and inverted in 
a vessel of the same fluid. Now it is necessary to the equi- 
librium of a heavy fluid that the unit of pressure on every 
portion of a horizontal section any where made in it should 
be the same. The surface P of the fluid in the tube will 
therefore descend* until the unit of pressure on the hori- 
zontal plane CCf is the same within and without the tube. 
Now within the tube, it is the weight of the superincumbent 
column of mercury CP, and without, it is the weight of the 
superincumbent column of air. The weight of the mercury 
in the tube of the barometer, is therefore a measure of tbe 
weight of a column of the atmosphere extending from tbe 
place of observation to its surface. Also this last weight 
is proportional to. the elasticity and density of the air at the 
place of observation. 

* The length of the tube is here supposed to exceed the height 
of a column of mercury equivalent in weight to the atmospheric 
pressure. 
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Now if the density of the mercury in the barometer were 
always the same, its weight would vary as its height in the 
tube, and this height would be an accurate measure of the 
-weight, elasticity, and density of the atmosphere. This is 
however by no means the case. The density of mercury in 
common with that of all other bodies varies with any varia- 
.tion in the temperature. 

242. It is found by experiment that mercury expands 
or contracts by equal fractions of its bulk for all equal in- 
crements or decrements in its temperature. And that for 
the variation of pne degree as measured by the centigrade 

thermometer, the corresponding fraction is ^^5. Hence if 

V be the volume of any given quantity of mercury at the 
temperature T^ ; then at the less temperature T'®, this volume 

will have been diminished by the quantity . V. And 

if D and 2/ be the corresponding densities, since the quantity 
of the fluid is the same. 



I 5412 V T^ 

^ ^ 1 



5412 

Hence if H' represent the height of the mercury at the 
temperature T'®, the weight of a column whose base is unity 
is represented by 

J^^g = rpO _ y /O • 

1 

5412 

Also, if density {T'^y J?'), represent the density of the air 
at the temperature T' of the mercury and height of barometer 
H'i we have 

CDlTg 



density {T\ IT) = 



1 — 



5412 
similarly density {T^, H) = CDHg; 
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densUy (T°, H') pressure (T'\ H') \hJ 



' ' density (T°, H) ~ pressure (T^,H) 7^-7^ ' 

"* 5412 

243. We have here supposed the force of gravity to 
be the same at the places of observation. If, however, the 
observations be made at different distances from the Earth's 
center, this will not be the case. Suppose one made at the 
Earth^s surface, and the other at the altitude z above it ; 

:. density (^'^ IT, z) = ^o^^^o, ^ 

\ 5412 / ^ ^ 



density (T, H,) = C.HDg; 



H\ 



^ density (T'^H'.z) pressure (r\H\%) _ \h) /j^ 

•' density (7^, H, 0) "pressure {T\ H, 0) "" A _ T^_yvo • \^^^ 

\ ' 5412 / 

244. To determine the heights of mountains by means 
of barometrical observations. 

By Article 125, we have, if p and p^ represent the units 
of atmospheric pressure at the EartVs surface, and at the 
altitude z above it, 



'••■(?)= 



cagz 



1 + - 

500 



500 5 



therefore by the last article 



) \ ^ 5412 / /a + zy{^ cagz 

( Kw) 3 r-^15^^^-^ 



^) 
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Whence we obtain 



!i ill) C (i ^~ '^' \ ■) 

500 M V 5412 / , ^, , / «\f / x\ 

245. The constant — may be determined by observing 

the values jff, H\ T, &c. for some known value of %. It 
has been ascertained by numerous observations of this kind 
to be 10050 fathoms in latitude 50®. The quantity g is how- 
ever variable with the latitude. Generally for the latitude X, 

— = (10050) h + -002837 cosSXj ; 
eg 

,\ z = (10050) {l + -002837 cos2X} <1 + V 



1 

5412 



'•■• -^^h^-'C-^KOn) 



H' 



246. To Jind the altitude of the mercury in the baro- 
meter when a portion of air has been allowed to remain in 
the upper part of the tube. 

Let the air in the tube, when of the same density with 
the external air, occupy the space AQ, (Fig. 47.) and let 
the mercury stand at P, AB=za, AQ=:b^ AP = Wy A = the 
height at which the mercury would stand if a vacuum were 
produced above it, A' = the height of the column of mercury 
which would be sustained by the elasticity of the air in 
AP. Now the densities in AQ and AP are as h and h\ 
Also the quantity of air in each is the same; 

.•. hb = A' (a— 0?) 
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Now the weight of the column BP^ and the elastic pressure 
of the air in AP on its surface, are sustained by the pressure 
of the external air ; 

.-. A = A' + 0?; 
hb 






A — 0? 



= a — cT. 



Whence w may be found, or if x. be observed, the true 
height A of the barometer may be found. 



THE SEA GAGE. 

247. AB (Fig. 46.) is a vessel perforated with holes,* within 
it is firmly fixed, in a vertical position, a glass tube, having 
one end hermetically closed, and the other immersed in a 
cup of quicksilver. A h o. hollow sphere, whose buoyancy 
is sufficient to raise the instrument, when a weight W hung 
at the bottom of it is detached. The instrument is allowed 
to sink in the water whose depth is to be determined, and 
there is a mechanical contrivance by means of which, when 
it strikes the bottom, the weight W is detached, and the 
gage made to re-ascend by the buoyancy of the ball. The 
height to which the mercury has been made to ascend in 
the tube, is marked by the adhesion of oil or any other 
viscid substance, placed on its surface, to the interior of 
the tube. 

248. Let h! be this height {MP), and A the height 
of the barometer at the surface,, and x the depth of the fluid, 
/ the length of the tube above the surface of the mercury in 
the cup. Now the column of mercury which will be sustained 
by the elasticity of the air is as its density. Let A" be the 
height of the column which would be sustained by the elas- 
ticity of the air in JVP; 

.-. A" (/-A') = A/. 

Also the elasticity of the air in NP-f-/Ae weight ofi^ 
column MP = pressure of the atmosphere on the stirfaf^ 
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of fluid + the weight of a column of water eaftending ta th&i 
bottom* 

.'. Dh" + Dh^Dh + jya;, 

where D = the density of mercury and Z^ of water ; 

<rhl <rh 



.*. w^ss^trh = ' 



i-h' 
1 



-(t) 



whence it appears that if the tube be divided into m equal parts^ 
and the mercury ascend to the ti^ division of the scale 

ch 



a? = 



n 

1 

m 



CLEPSYDRA. 



249. The clepsydra or water clock is a contrivance foir 
marking the time by the descent of the surface of a fluid which 
flows through a small aperture in the base of the vessel which 
contains it. 

Suppose the vessel a prisni. It is required to detetmine 
what scale must be marked on its side, that the coincidence of . 
the descending surface with the successive lines of the division 
may mark equal successive intervals of time^ 

Let X be the distance of the surface from the base of the 
vessel at the end of any time ty from the beginning of the motion ; 
when let the value of x have been o. 

Let JST be a horizontal section of the prism, and k of the 
aperture; 

.% by Art 143. a?=a ir^^"^ "iT ^** 

• . ^^ • 

Let A^ and A^ be corresponding increments of a? and t\ 

21 



£50 



whcnee yre obtain 



The time t is of course in seconds. To determine the divi- 
sions corresponding to successive minutes of time, write for 
A ^9 60'' and give to t the successive values 0, 60'', 120", be. 

K. /ia \ . . 

If— \/ A^=0, the distance of the divisions will vary as 

kg 

the time. . 

250. To find the form of a clepsydra such that the whok 
descent may vary as the time from rest, or the surface descend 
through equal distances in equal successive intervals of time. 

Let AM (Fig. 60.) be the axis of the clepsydra, and PQany 
position of the surface. Then since the vessel is regular and 
symmetrical about JM, each section PQ varies as PM*. 

Let AM^cOi PM^fff and let the section PQrsacf^; 

.'. kvdt=i —cy^dw, 

ft 

Now if a be the height from which the surface has descended, 
by hypothesis ^oco — a?sr=6(a — a?); 
.«. dt^ -^bd^ and /. *v6=»cj^; 



••• khn/sLgw^c^ andj(s5 ( ^ ' — ) «*. 



THE COMl^OUNB FLOAT. 

251. The compound float is used for comparing the velo- 
cities at different depths in a stream of fluid. A aiid S (Fig. 44.) 
are two spheres connected by a thread, of which A is the lighter. 

Being thrown into the stream, the balls will, after a certain 
time,, have acquired a common velocity, and the float » perma- 
nent position. Let the common velocity Fbe observed, callt^ 
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the velodty of the stream fit A^ and v' that at B^ l4et a^and /3 
be the radii of the balls. Conceive the velocity F to be com- 
municated to the whole system (the floi^t and fluid) in a direction 
opposite to that of the motioii of the float. The action of the 
fluid upon the balls, and the relative position of the float and 
stream, will then remain precisely as before, and the float will 
be at rest. Now, resolving the forces which hold the float in 
equilibrium, in a horizontal and vertical direction, it is manifest 
that the latter destroy (since the system has no vertical motion)- 
nnxd that the former are the pressures of the stream on th^ balls 
^ and B, But at A the stream is moving in the direction ^^^j| 
with the velocity F"— «, and at J? in the direction BfB with the 
vdocity v' — F. The resistances of the balls to the stream, or 
die pressures of the stream on the balls, are therefore represent^ 
by ca*(F— v)' and f?/3*(t>'— F)', (Art. 175.) And since these 
consjjtute the only horizontal forces impressed on the float, and 
that they are in opposite directions, we have 

ca*(F-v)«-c/5'(v'^ F)«*0; 
t>' - F a , .r{ a\ at? . / 

If the weight of the float be adjusted so that the ball A may 
move in contact with the surface of the stream ; the velocity v 
at any depth below it, may be determined in terms of that at the 
surface ; this last being ascertained by the motion of a light 
body upon the current. Now in order that the ball A mayf 
Jtcst float in contact with the surface of the fluid, we must have 

cra' + cr')3^ = a^ + )3^; 
where cr and a are the specific gravities of the balls. 

252. To find the position the float will assume when in 
equilibrium ; taking A for the origin, X for the length of the 
string, and for its inclination to the vertical ; since the vertical 
force impressed on J? = | tt (a-' - l)i8V> and the borizont^ 
force = ^ TT («' — Vy(i\ we have, by the general equatioil of 
equilibrium, 2 (Xy — Yw) = a. 



jT(ii'-l')'^.X.™e-|(.,'-l)3"?Xsin9 = l), 



PITOTS TUBE. 

253. The bent lube ABP (Fig. sp.) open at both extretniti«, 
is plunged in the fluid to the depth at which the velocity is re- 
quired to be determined. The arm PB is kept in a vertical 
position, and AB turned first in the direction of the motion of 
the fluid and then in a direction opposite to it. 

In the former case, the surface P of the fluid in the vertical 
tube AP will be below, ancl in the other, above that of the 
stream. The weight of the fluid in AP being in both cases 
equivalent to the pressure at A. 

Calling V the velocity and as the depth ; since in the one 
case the motion of the fluid contiguous to A tends to in- 
crease the co-ordinates, and in the other to diminish than 
(Bee Art. 171- Note); 

g^BP=gz-^v' and ^SQ=^s: + l«'; 

.-. g'pQ = t>^ and v='>/gW^. 

The distance PQ being observed, the velocity is therefbnn 
known. 



HYDEAULIC aUADRANT. 

254. B (Fig. 45.) is a sphere suspended in 

stream by means of a string attached to a fixed point A. 

is made to deviate from the vertical by the impulse oi 

stream, and the angle of deviation being observed, the vel 

of the stream is thence deduced. Call the velocity v, 

radius of the sphere n,B.nAAB,b-, .-.resistance on B^i^r 

And its buoyancy or the vertical pressure of the fluid i 

4 
IS represented by -ita' {a — l)g. 
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Therefore when the system is in equilibrium, we have by the 
general equation 2 (Xy — Yai) = 0, taking A for the origin, 

^Tra^bv^cos0—^irba^{a~ l)g-sin0 = O; 

.-. V = 4 \/\ag{(T — 1) tan Q. 

255. If the string BA pass over a pulley at A, and a 
weight B be attached to its extremity ; resolving the tension of 
P on £ in a horizontal atid vertical direction, we have to take, 
in addition to the former forces, the two — Psin^.g* and 
— PcoB^^; 

^\ 5 *ira^g (cr — 1) - P cos §•= 0, 
and Jtt^V— Psin0g-=O. 

These involve the preceding equation. Eliminating d. 



ira 



From this last equation the velocity is known by simply observing 
the weight necessary to produce equilibrium. 

THE COMMON TUBE OB CONDUIT PIPE. 

256. A fluid descends freely in the tube AP (Fig. 38.) 
and escapes through its extremity A. P is any position of 
its surface, AP=z8j AM=z, 

. 

Suppose the tube to be composed of a vertical and horizontal 
prm as in Fig. sg. 

Let AB = ay BP=z%; 

^ psadz p{ . adzl 
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taking the integral fiiom x^ to x. If there be asy nunibe]* of 
elbows in the tube, similar to that at B ; the same result will. 
be obtained, a representing the sum of the horizontal portiaos 
of the tube. 

257. If the section (JT) of the vertical portion BP 
qf the pip^ be greatjer than that (A;) of the other ; adopt- 
ing th^ hypothesis of parallel sections, and calling sk th^ 
height BP of the fluid in the vertical tube, we shall hay« 
(Art. 159.) 



dx-^Ch 



Now, if ^ be the length of the column of fluid, at any time 
contained in the tube BAj 

Also, if m^= the whole quantity of fluid contained in the 
tubes Kx + &» = »»*; 

TO* ^— &* 
.-. eliminating «, JV «= — : 'kW~^'^ 

dN K'-^W -r-dz 

''■ N ^ ~k¥~ n ' 



.-. h.l. N 









taking the integral from a to x. 
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If the fluid, instead of moving continually along the tube 
BAj escape from its extremity A ; and the section k be 
•koeedingly smdl when ^mpAred with K^ so that the surface 
P nmy h^ considered stationary ; we shall obtain from equfl^ 
tkm B^ (Art. 158.) 

where N is constant and = — + r ; 

K k 

••• t=^Nk / J— = I h.l. J y — > ; 



2/r<«^ 



•• « = V^S^ 



6^^ -1 



€ 4*1 



'The integifal is taken, above, on the supposition that when 
If the initial velocity be v^ 






The qucmtity of fluid discharged 



If the pressure of the fluid be in a dir^tion opposite to the 
motion, a will become negative, and the quantity of fluid 
discharged will be represented by 



m h. 1. f^"-^"^ 

(3ga + 1? 
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^^^^^^^ THE SYPHON. ^^^^^^^^ 

268. If a bent tube PQ (Fig. 40.) be filled with a fluid, 
and one extremity P inimeFsed in a vessel of tl]e same fluid < 
then if the other extremity Q be in the same horizontal plane with 
J, the fluid contained in the tube will remain at rest ; if it be 
raised above this plane the fluid will flow back into the vessel; 
and if depressed below, it will escape through Q and empty the 
vessel to the level of P. For the pressure within the tube at 
P is equal to the weight of a superincumbent column of the 
fluid of the height RMi and that at Q to tlie weight of a column 
JtN. Also the ewtemal pressure on P is the weight of the 
column of water PA, together with that of the superincumbent 
column of air, whilst that at Q is only the weight of the super- 
incumbent column of air. On the whole therefore, the column 
of fluid in the tube is thrust upwards at its extremity i* by » 
force represented by the weight of a column of atmosphere 
diminished by the weight of the column of fluid RA' ; whilst 
at Q it is similarly thrust upwards by the weight of the same 
column of incumbent air diminished by the weight of tlie 
column of water RN. If therefore (as in the figure) RN\x 
greater than RA', the column will give way to the former 
pressure, and flow in a continual stream through Q. If RN 
be equal to RA', or Q on the same level with A, the pressure 
at P and Q will be equal and the fluid will remain at rest. 
And if RN be less than RA', the pressure at the extremity 
Q will be the greater, and the fluid will flow back into the 
vessel. The moving force in all cases is the weight of the 
column A'N. 

The water in the syphon and vessel forms one con- 
tinued mass, held together by the atmospheric pressure on 
the surfaces A and Q, so long as the weight of the column 
RN does not exceed that pressure- When this is the case, 
there is, in fact, no effective pressure on the column Qfi up- 
wards, and it may separate itself from RP. If the weight of 
the column RA' also exceed the atmospheric pressure, no force 
will tend to press the column PR upwards ; and the two RP 
and RQ must separate from one another. A syphon canwl 
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therefore be made to draw water from the depth of more than 
3S feet, or mercury from more than 31 inches. 



CENTRIFUGAL PUMP. 

269. MLK (Fig. 41.) is a tube of which the branch ML 
is horizontal, and LK immersed vertically in a fluid. The 
cylinder LK is moveable about its axis, and at JST is a conical 
valve opening upwards. 

The tube being filled with fluid and put in motion about 
the axis JTL, a centrifugal force is generated in the portion 
JfZr, and the parts of the column MLK being held together 
by the atmospheric pressure on its extremities, a motion is thus 
communicated to the whole. And a streatn of duid is con- 
tinually thrown ofi^ at M* 

Let a be the angular velocity ML = o, CL = t ; 

.-. (Art. 110.) /{Xdiv+Ydy+!Zdx)^^a^ar'-gi. 

Therefore the tube being full of fluid, and the motion having 
become uniform, 

(Art. 132.) p-p'=^a^a^-^/-^tJ^ 

Taking the integral from the surface C (without the tube) 
where a, /, and v are each evanescent, to the surface M. But 
at both these surfaces p represents the unit of atmospheric 
pressure ; 



ti J 



260. If H be the height 6f a column of th e Md whoser 

weight is equal to the atmospiheric pressure; fJ^gH is the 
velocity with which it would ascend in the tube at C, pro- . 
vided a perfect vacuuin were produced abo'Ve that point. 

\/^gH is therefore *a limit never exceeded by the actual 
velocity in the tube. Hence, we have the condition, 

2K 



■r^ 






and a :{> 

261. Suppose a gjmen quantity of fluid PjLQ to be con- 
tained in the tube. Let CQ. = ss, PQ, = c, PL = p. Then 
since the value of p is, at either extremity, the unit of at- 
mospheric pressure ; we have, by the general equation for 
motion in tubes, (Art. ifis.), . 

iaV-^('-«) -/■: = »• 
Now t ~ z + p = c; .'. dm = dpi 
.-. ^a''p^dp-g(t—s)dx-cfdx = 0. 

From which equation the motion may readily be determined 

barker's mill. 

262. A bent tube (Fig. 42.) consisting of two 
right angles to each other is placed with one of them in 
a horizontal position, and made to be moveable about the 
axis of the other. The extremity of the horizontal arm ii 
closed, and an aperture P is made in its side, through which 
a fluid, supplied in a continued stream to the vertical ttna, 
is allowed to escape. The reaction at P gives motion to 
the system, {see Art. 46.) 

Suppose the whole to have acquired an uniform motiaii 
the influx being constant, and the surface of the fluid having 
attained a permanent position in M- Let p be the unit of 
pressure on any point of the projection of the aperture P OD 
the opposite side of the tube. Let PJ = r, AM = ss, aad 
let K, K' and k be sections of the tubes AB and ACyVii 
of the aperture P, 

V = the velocity of influx at B, 

F'^ the velocity of the fluid in JP, in contact 
projection of P, 



M 

zt vitft WJ 
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V =s the Telocity of efflux at P, 

a as the angular velocity of the system, 

and taking the integral from M ix) P, 

where p^ is the unit of atmospheric pressure. Now the 
external surface of the tube sustains the pressure o£ the 
atmosphere. The unit of. effective pressure on the projection 
ofP, is therefore p—p^, or 

And, on the whole projection, the momentum of thie pressure 
is 

Suppose a force Pg jto be applied to the machine, acting 
with a momentum Pgc about the axis AB. Now since the 
motion of the machine is not (wcelerated the sum of the 
momenta of the forces impressed upon it = ; 

.-. {|aV+^i8f-^(r^-F«)}r^-.Pg^c = (1). 

Also at the aperture p=p,\ 

.'. iaV+^i^-^(««- F*) = (2). 

Eliminating ^ a^r^ + gXy we obtain 

\rk {t)« ^ v^i - Pgc = :.(sy 

Now the injluw being git^en, we have kv^sCy also ad- 
mitting the hypothesis of parallel sections kvs=K'V'; 



P = *'"^ 



1&« ir'4" 



Sge 
The qiiantity P manifestly increatea as k diminithes. 
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263. If the height Afi of the vertical cylinder be given 
( = a), and the vessel be kept perpetually full, by equation (2), 

Therefore by equation .(3), 




rk(^a*f^+ga)J -^V ^ Pgo =^ 0. 



Whoice a is given in term^ of P, and conversely. 

The other quantities being given, the weight P will be 
raised with the greatest possible velocity, wbei| the length of 
the arm AC 

_3 Pc^ ] ^ 



264. We may conceive an instrument combining the 
principle of Barker's Mill, with that of the Centrifugal Pump. 
Suppose the tube BAC (Fig. 42.) to be inverted. Let the 
extremity B be immersed in a fluid, and let the machine 
be filled with the fluid and put in motion about the axis of 
AB. 

The fluid will move up the tube and escape through 
the aperture P on the principle of the Centrifugal Pump, 
and the re-action at P will tend to perpetuate the motion 
on the principle of Barker's Mill. 

Adopting the same notation, and stipposing the machine 
to have attained an uniform motion, we shall obtain precisely 
as before, 
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Tk {\c?i»-ga) ^ V -. Pgc = 0. 



Observing that the weight of the column AB tends to diminish 
the pressures. 



montgolfier's hydraulic ram. 

265. The Hydraulic or Water Ram is a contrivance 
for appljdng the momentum of a current of fluid to raise a 
portion of it. 

The pipe AB (Fig- 43.) communicates with a reservoir 
(or flowing stream) A, The point B being as far as may 
be convenient below the level of the fluid in A, At D is 
an aperture closed by a valve which opens upwards into 
an air vessel E. In this last is inserted the tube EH through 
which the fluid is required to be raised. At C is a second 
aperture closing upwards by means of a loaded valve. The 
water flows down the pipe AB^ and escapes through the 
aperture C, until having acquired its maximum* (or per- 
manent) velocity, the upward pressure of the stream on the 
inferior surface of the valve at this aperture becomes (by a 
proper adjustment of the loading) greater than the weight of 
the valve, and it closes. The momentum generated in the 
moving fluid is now wholly sustained by the coats of the tube. 
The valve D is accordingly forced up, and the fluid is pro- 
jected into the air vessel E with the velocity it has iacquired. 
The extremity of the tube EH is now beneath the surface 
of the water in the air vessel, and the air being compressed 
above that surface, the water is made to ascend within the tube 



* It will be shown hereafter^ that in some cases it is better that 
the fluid should not be allowed to acquire its maximum velocity 
before the valve at C closes. 



262 

to a height dependant, upon the length of the tube ABy and the 
height of the surface of the fluid in A, above the point B. It 
is clear that after the ascent of the fluid to its greatest height 
in the air vessel, the valve ''D will close, and, the motion in 
ABC being destroyed, C will open by reason of its weight 
The motion will thus be contintiedj the fluid being altematdy 
discharged at C, and thrown into the air vessel at D. 

266. To simplify the theory of this instrument, let us 
suppose the valve D to open (not into the air vessel E) but 
into an open vertical tube of the same diameter with JB. 
Let P be any position of the surface of the fluid in this tube, 
DP=%f ABD = aj and let the altitude, of the surface of the 
fluid in A above the point B be A. Now the maximum velocity 
acquired by the fluid in its efflux through C, will manifestly 
be that with which it would flow permanently if that aperture 
continued open. And this uniform velocity is represented 
(Art. 166.) by \/^gh. Now when the valve C closes, the 
fluid is projected up the tube EH^ with this velocity. To 
determine its motion we have (Art. l65.) ^ 

Hence neglecting the pressure resulting from the motion of 
the fluid at A, and taking the integral from A to P, 

= g(A-»)-./(a+«); 

/. vdv s=fd% = ; , 

v^ = ^g {(a^h) h. 1. (a H- i!f) — »} + C. 

Now when ijf = 0, « = ^J^gh. 

Since the fluid is projected up the tube EH with that 
velocity ; 

/. 1^2 = 2^ j(a4-A)h.l. (^^) + (*-*)?. 
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If we asflume this expression s= 0, the corresponding value 
of X will be the greatest height to which the fluid is raised 
by the first impulse of the machine. 

367- If we conceiye the fluid to be discharged from 
the tube at the height a above 2>; it is evident that at 
every time of the opening of the valve D, the moving column 
AD will encounter a quiescent column of fluid of the height 
a\ The common velocity after impact will by d'Alembert's 

Theorem be represented by — ^ — —-. 

* 

■ 

Also if/ be the accelerating force at any period of the motion, 

0=^(A-a') -/(a + a'); 

• • T7 = — g : ri . . t) = — g ; /«+C- 

dt a + a ° a-^-a' 

Now when # = 0, t> = --^^- — — ; 

^y/2gh—g(a' — h)t 
a + a 

Therefore when « = 0, ^ = 



Which expression represents the whole time during which the 
fluid discharges itself from H. 

268. To determine the quantUy of the discharge; we 
have, calling k a section of the tube, 

fkvdt = --^SXaJ^-gifi-K) t\ dt 

_ k i ^a^h a^h \ _ a^'kh 
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Taking the integral from 

^ = 0, to / s= 2L _ . 

Again, to determine the motion of «the fluid, when effluent 
through C ' Let a + a!' ^AC. If then /be at any time the 
accelerating force on the column ACy 

0=gA-/(a + a'); 
- ^' ^* and.= ^*' 



Taking the integral from to t. 

Now when the motion becomes uniform, 'o-s^ ^%gh\ 

ght • / , ^ a + a" 

• ^ -^ = ^J^gh, and f = 



This value of t represents the interval between each two 
successive projections of the fluid into the tube EH. If T 

represent therefore any given time, — ^ ^5 •iU represent 

a^kh 
the number of such projections in that time. Also 



(a+a')(a-A) 
is the quantity discharged during each ; 

" ' (a + a) (a + a") {a — A) ' 

represents the whole quantity discharged in the time T» It 
is evident that this quantity increases with A, which is es- 
sentially less than a. 

Also, the remaining quantities being given, it increases 
^ with (a). For in this case it varies as 

a^ 1 

7 — ; — TT-p — ; — 77Z 9 or as ; 37— , 

(a + a) (a + a ) A ^ ^\ A ^ ?L\ 

which last expression manifestly increases continually with a- 



I 
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269. If C He on the opposite side of 2>, as is the more 
common <x)nsti\iction of the instrwnent; the expression for 
the discharge in the given time T will become 

T{a^aykhJ\gh 
(a + a') {a - a") (a — h) ' 



or 



(a + a) {a! - h) 



Now this expression is less than the preceding, the best con- 
struction is therefore that given in the figure. 

270. If I? be at any time the velocity of the fluid 
effluent at C; 2> (g-A + ^ i>^ will be the correspotiding unit 
of pressure on the inferior surface of the valve, and its 
maximum value will be 2Dgh. Calling therefore £ the 
surface exposed to the action of the current, 2Dkgk will 
represent the maximum pressure on the valve, and the weight 
of the valve and loading must equal that of a super-incumbent 
column of fluid of the height 2 A. 

271- In the above theory of the Hydraulic Ram, we 
have neglected to consider the motion of the fluid in the 
reservoir A. Suppose the section (K) of this reservoir to 
be of Jlnite dimensions, as compared with that (k) of the 
pipe. Then, adopting the hypothesis of parallel sections^ 
w« shall have (Art. 257.) for the time of efflux through the 
valve C, 

V2gA t^2gh'^v) 

Also for the quantity of each discharge at It, 






■0 representing the velocity which is, at first, communicated 
to the jluid in EH, and N' the value of N corresponding 
to the reservoir A and the tubes AD and DH. 

2L 
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Now, the number of discharges made in a given time, 
at Hf varies inversdy, as the time of each efflux at C. There- 
fore the whole discharge of the ram varies as 



N'k^Jigh 






■ 

Now xl = :^ very nearly. 

Also, if the height (a) of the extremity H of the tube 
be exceedingly great, as compared with a; v is exceeding 
small as compared with v, and therefore, a fortuyri^ as com- 
pared with ^/igA; 

.•. discnarse oc ; . 






oc 



Differentiating with regard to t?, we shall obtain for the 
maoAmtm, discharge, 

h. 1. ^ —\^ -5 = 0. 

Whence, writing ^ = Q, 

Q* - 4Q . h. 1. Q — 1 = 0. 

This equation is satisfied, by the value Q = S.2^6 ; 

7.8226 y 4 y 
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ON THS YBLOCITY OF SOUND^ ANB ON THB VIBRATIONS OF 

A CYiaNDBICAL COXiUMN OF AIB. 

In treating of the motions of a fluid, constituted like 
the air, the only principle on which the calculation rests, 
in addition to the perfect mobility of the partides, is, that 
the density is always proportional to the pressure. But 
notwithstanding the fewness and simplicity of the principles, 
the general consideration of the motions of elastic fluids, 
presents great mathematical difiiculties. In a few cases, 
however, in which the conditions of the problem are of a 
restricted nature, it is possible to arrive at results which 
may be compared with . experiment. The case we are about 
to consider, is of the simplest kind; the fluid is supposed 
to be confined in a v^ry slender cylindrical tube, the motions 
of the particles to be very small, and no extraneous force 
to act. Let the transverse section of the tub^ as 1 ; let 
ab (Fig. 68.) be a very small portion of the fluid at the 
distance Oa=&a from some fixed origin, the length abytsiiw^ 
and its density =1+^, the mean density being 1. Then 
the mass of a&=(l-|-«)^^* These values of x and 8 may 
be supposed to obtain at the end of a time t reckoned 
from a fixed epoch. At the end of t + ht^ let ah be trans- 
ferred to aH with a velocity t9, which may be considered 
xiniform for the small time ht. Then 

aa=vSt, Oa'sxar + vSt, OV^(» + ij»+v'St; 

v—v is the variation of v from the point a to the pokit 6, 
the time being constant. Hence, by Taylor^s thecBrem^ 

v' ts ^ ^ ^Sof A" &c. 
aw 
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We have then, 06' = «2?+ Sw + Iv -\ 5a?) S^, ultimately 



Oa = a? + vSt; 



/. a'b' = 5a? (l + ^ ^t\ . 



Let 1 + « + 5« be the density of ab\ Then, because 
the mass oi ah is the same as that of a'b\ 

(l + «) 5^ = (1 + 5 + Is) \\ + j-^t\ Ix. 

Hence, neglecting quantities of the second order, 

du R 1^ Ss , dv 

_ Ss /d€\ , . , ^ _ /d8\ ds ds dx 

^""^ Tt = U) ""^"^^'''y- ^"'^ \dt) =Tt^da,-7t' 

because « is a function of w and t. lu the case we are 

da 
considering, « is a very small quantity. Therefore — is 

dx 

dw 
very small; and — , which is equal to v^ is also very 

email. Hence, neficlectinir -r- • t- 5 we obtain 

^ ^ dw dt^ 

ds \ ^ dv d . h. 1. (1 +«) dv 
_+(,+«)_ = 0; o, ^i_J+-^=0 (4). 

Let the pressure = o^ x density. Now, by Art. l65, 
dp=z -^(l+s) fdoff; the differentials being with respect to 
07 only, t being constant. Hence, 

a^.d.(l+s) _ /dv\ dv 

—. \ ^ ^ = — / = — (---), which IS = — •— very nearly, 

(l+«)d4? •' \dt} dt ^ . 

for a reason similar to that above assigned with respect to ( — j. 
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Consequently — — ^^ '- = -— ; and from (^), . 

aa?ar ' at" 

g- . d^ h. 1. (1 + 8) _ a^cPt? 
dwdt dec 

Therefore, --^= a^^ /jjx 

Hence, integrating, (Lacroix, /n^ Cafc. Art. 139.) 

t> = F(jff-^<it) 4-/(^ + 0^) (1), 

^ ^^ rr// .X w^ X o'.d.h.l. (1+5) 

and — — = a^.F'(w-at)^af(af + at) = ; 

at dw 

therefore, integrating with respect to a?, 

o . h. 1. (1 +«) = /" (/p — at) —f{a} + a^) = a«, very nearly ; (2) 

and no function of t is to be added, because 

d.h.l. (l+«) dv ^ 

Sh-^ = - 57 from (^). - 

Let us now consider what is indicated by the equations 
(1) and (2). The equation (J?) will be satisfied if one of 
the functions /, be supposed to disappear, as we may con- 
vince ourselves by trial. Hence the equations 

t) = a« = jP (a? — at) 

point out a motion which is possible, and which it will be 
convenient to attend to in the first instance. Since v = a«, 
if at a given instant an ordinate be erected at each point 
of the line OMN (Fig. 69.), proportional to the difference 
between the density at the point and the mean density, these 
ordinates will also be proportional to the velocities, and .the 
curve which bounds them will give at once the law of the 
density and that of the velocity. The positive ordinates 
correspond to velocities in the direction Oil/JV and to con- 
densations, the negative to velocities in the contrary direction 
and to rarefactions. The state and motions of. the particles 
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being, therefore, properly represented at the pnd of the timat, 
by some curve Pgr, the exact form of which for our present 
purpose, it is not necessaiy to know, let us enquire what 
will take place at the end of the time t + T. We shall have 

V = as = I<'{a! — a.t + t). 
Now if we describe two curves, the equation of one of 
which is y = Fiis—m), and that of the other y = F(x - m +«), 
they must be exactly the same, but at different distances fron 
the origin of .i'. An ordinate in the first will be less distant 
from the origin than the corresponding ordinate in the other, 
by the quantity n. Hence we infer, that the state of the 
particles at any dlstanra ic + oT- from the origin of co-ordinates 
in the case before us, at the end of the time t-\-T, is the same 
as the state of the particles at the distance ^, at the end 
of t. The motion has consequently been propagated from 
the origin during the time t, through a space ar. As 
this is true whatever be t, the velocity of propagation is 
uniform and is equal to a. It is also independent of the 
magnitudes of v and s. If A = the height of tbe homoge- 
neous atmosphere, gh x density = pressure. Therefore a^^gk, 
and the velocity of propagation = that acquired by falliDg 
through half the height of the homogeneous atmoephoei 
as Newton first determined it to be. 

pressure 



Because the same quantity 



equal to ' 



density 

every part of the atmosphere, it appears that the velocity 
of sound is the same in the higher regions, where the ai 
is rarer, as it is at the surface of the earth. But the intetuUj 
of sound will be less as the air is rarer, since it must depaid 
on the quantity of motion communicated by the disturbance^ 
and the same disturbance (for instance, a stroke on a bdl) 
will communicate a smaller quantity of motion to rare lir 
than to air that is denser. It is observed that the report 
of a pistol on the tops of higli mountains, is much lesi 
loud than in the plains below. 

The velocity determined above for the propagation rf 
sound, is that which would obtain in a medium in which 
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the pressure under aU circumslaiices varies as the denshj, 
and no extraneous force acts. But experiment has shewn, 
that when the density of the air is aiddenlf altered, a 
d€^velopealent of heat is produced, which either introduces 

. a new force, or destroys the constancy of the quaptity ^ — : — . 

Now all the parts of the air through which motion is propagated, 
suffer a sudden alteration of density. Accordingly it is found 
that a, which is 925 feet per second, falls short of the actual 
velocity of propagation, which the experiments of the French 
Academicians ascertained to be 1105 feet per second. La 
Place has shewn by theoretical considerations {Mec. CeL 
Iiiv. XII. Chap. 3.), that the effect of the developement of 
heat is taken into account by altering a in a certain ratio. 
This ratio will therefore be that of 1105 to 9^5. It follows, 
that in the air as well as in the suppositious medium, the 
velocity of propagation is independent of the magnitude of 
the motions of the particles; and this is conformable to fact. 

Just as we have treated the function F by itself we might 
treat / by itself, and we should obtain like results, excepting 
that the direction of propagation would be towards the origin 
' of co-ordinates on the positive side. In general, therefore, 
the vibratory motions of the particles of a column of the 
fluid, may be resolved into the motions which result from 
two propagations obtaining simultaneously in opposite direct 
tions. 

The equation (B) will still be satisfied if each of the 
two functions contained in its integral, be resolved into as 
many others as we please, connected by the, sign -4- or — ; 
that is, the equation is satisfied by 

Now, as each of these terms may belong to a separate pro- 
pagation, the interpretation of this analytical fact is, that 
a great number of propagations may obtain at the same time 
in the air, without interfering with each other, and that 



272 

qiany vibrations of its particles may coewist The motion 
of a particle is the resultant of the several motions it would 
have, if each propagation took place without the others. 
We must conceive the simultaneous transmission of different 
sounds to be effected in this manner, in order to understand 
how it is that at a concert every ear is sensible of the effect 
of every instrument. 

It was found that v^as when the propagation is ^o« 
the origin in the positive direction. Hence, since v and s 
are both positive or both negative at the same time, the 
condensed particles always move in the direction of propa- 
gation, {he rarefied in the contrary direction. The same 
thing will appear from the equation «= —o«, which ajvplies 
to propagation in the negative direction. This will help us 
to explain how it is that the same disturbance, for instance, 
the motion of a small body forwards in the fluid, will produce 
propagations simultaneously in opposite directions. For the 
fluid must be just as much condensed at one part by the 
disturbance, as rarefied at another. But the body impresses 
both on the condensed and rarefied particles, a motion in 
the direction in which itself moves. Therefore the rarefied 
portion will produce propagation in a different directioa 
from the condensed. 

Let us now attend to the forms of the functions F and / 
These will be given by the given nature of the disturbances. 
Let ahcd (Fig. 70.) be a cylindrical tube containing the fluid, 
mn SL diaphragm placed transverse to the axis, just fitting the 
interior, and capable of moving in the direction of the am 
If the diaphragm be made to move with a velocity which 
is very small compared to the velocity of propagation, the 
particles immediately in contact with the side looking in 
the direction of the motion, will be condensed proportionally 
to its velocity ; the particles on the othef side will be in the 
same proportion rarefied. For the equations t? = a« and 
•« = — a 5 must apply to these cases. These condensations 
and rarefactions will be propagated from m with the uniform 
velocity a. Suppose the diaphragm to move in the direction 
mn from rest to rest again, in the time r, through a smalf space 
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%vhich may be neglectetl in comparison of the distance over 
which the motion is propagated in the same lime. Take 
emssar; then if em represent the whole time of the motion 
of the diaphragm, and an ordinate pq be erected proportional 
to its velocity at a time from the commencement of its motion 
represented by the abscissa ep, the locus of q will be a curve, 
which may be called the type of the wave generated by the 
diaphragm. The same curve inverted, as mg' e, will be the 
type of the wave propagated in the other direction. Since 

V = as = F(x-~at)y 
the curve eqm is expressed analytically by the arbitrary func- 
tion, and we therefore see that the form of the function is given 
by the given mode of the disturbance. From the time that the 
diaphragm comes to rest, all the subsequent motion will be in- 
dicated by the curve eqm, moving with the velocity a in the 
direction ma, without undergoing any change of form, for there 
are no data whereby a change of form could be determined. 
The particles it successively reaches, all pass through the same 
States of velocity and condensation as those in immediate con- 
tact with the diaphragm. That the line eqm may be a. portion 
of a curve, for instance, a segment of a circle, has been proved 
by Lagrange, who shews generally in the second voliune of the 
Miscellanea Taurinensia, that the consecutive values of v and a 
are not necessarily subject to the law of continuity. Hence 
also it is not necessary that the line between e and m should be 
continuous; it may even consist of two straight lines as ef, fnt. 
If the diaphragm moved uniformly for any length of time, the 
line eqm would become a straight line parallel to am, indicating 
that a stream wuidd be produced : all the particles in motion 
will be condensed proportionally to their velocity; for the 
equation v = as must apply to this case. 

If the diaphragm go on moving backwards and forwards so 
that its oscillations shall be isochronous, it will generate a series 
pf alternate condensations and rarefactions, which are proper for 
giving to the ear the sensation of a musical note. For the only 
■ condition required for producing a musical sound, is, that the 
waves which strike the ear recur at regular intervals. The 
pilch of the note depends on the number of waves wliich strike 
2M 
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in a given time: tlie greater tlii' number tilt- liiglier theiMK^ 
If the number exteod a certain limit the note will be too hi^ 
to be perceivetl, and on the other hand, the ear is unable to ap- 
pl^cfate the note when the number falls short of a certain limit; 
these limits arc different for diiFerent ears. It is not necessary 
that the type of all the waves should be the same, or the 
oscillations of the diaphragm be all performed in exactly tlie 
same manner; provided all occupy the same time the note 
will remiun the same, but will be clearer the more regular 
the waves are. What hag been said will serve to convey » 
general idea of the manner in which the pitch of a musical 
note is determined by the vibrations of a solid in the m, 
as for instance, the reed in organ-pipes. It is probable that 
the particular manner of the vibration, the position of tie 
vibrating body with respect to the parts of the instrument lo 
which it is attached, and the vibrations of the instrument it- 
self, all go to determine the timbre of the note, or that quality 
by which we distinguish the same note on different instrumenta. 

But there are cases in which musical sounds are produced 
without the intervention of a vibrating solid. If a uniform 
stream of air be blown across the mouth of an open cylindrital 
tube, or obliquely against the edge of its mouth, a musical nott 
will in many cases be produced. (See Biot, Traite de Physique, 
Tom. II. Chap, ix.) Now if this stream were confin«i in a 
straight canal, we should know from what has been stud in lit 
last paragraph but one, that the condensation would be pro- 
portional to its velocity. And without entering into the 
consideration of motion in space of three dimensions, we maj 
infer that in any case the density of the stream will differ ironi 
the mean density. But the air within the tube, being kept at 
rest by its sides, will be of mean density. Hence two pordons 
of air of different densities will be contiguous to each other, 
and consequently motion must ensue. From the manner of di- 
recting the stream, it is plain that the column of air in the tubet 
undergoes but a very small permanent motion of translation) 
even when the mouth opposite to that at which the disturbance 
is itaade is open, as in the common flute with the finger hole* 
stopped, and none at all, if the opposite mouth be closed, asii 
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Pan'^8 pipes. Hence the column will b^ made to vil^riUe back** 
wiMrds wd forwards, and experience shews that the vibrational m^JT 
bfi such as to give rise to musical notes. Here tbep we haye W 
instance in which the vibrations are caused by (he iw^tippi of th^ 
parts a[ the fluid on one another, and in which also there if pq 
extraneous aocelerative force. Hence the precise nature of the 
vibrations must be determined by referring to the integral of 
equation ((7), and endeavouring to ascertain, prior to all hypo- 
thesis about the mode of disturbance, the particular form of its 
arbitrary functions : for this equation has been investigated solely 
im reference to the action of the parts of the fluid on each 
other. We shall succeed in doing this in the following manner. 

It has been shewn prior to any hypothesis about the mode 
of disturbance, that each of the functions F and /, in the inte- 
gral of (C) will satisfy it independently of the other, and that 
one applies to a propagation in the positive direction, the 
^ther to a propagation in the contrary direction. When there- 
fore both occur in the integral at the same time, it is allowable 
to suppose, as a particular case, that the propagations they 
indicate are exactly equal to each other. In such a cqse there. 
must be one point at least, at which the particles go through 
the same series of velocities by reason of the two propagations, 
but in opposite directions. At this point therefore the resulting 
velocity must be 0, independently of the time. Let I be its 
distance from the origin of co-ordinates, and for at put x. 

Then FQ-^x)- f(l + 2f) = 0, whatever be %. (a) 
••. by Taylor's theorem, 

'F'(o-/(o-{i^'(o+/(o}«+{^"(o-r(o}^-85c.=o; 

Hence F {l)-f (0 = 0, (1) 

1^'(0+/(0 = 0, (2) 

F"{t)-r{t)^0, is) 

&c. &c. 

7h^se equations can determine nothing about the value of /, 
virhich must remain arbitrary, as the origin of co-ordinates is 
arbitrary. They must be satisfied, therefore, by a considi^ration 
of the values and forms of Xhe functions themselves. We shall 
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satisfy at once (l), (3), (5), Stc. by making/ the same aa F.' 
Equation (a) then becomes F Q — a) — fIi + is') = 0, and 
shews that P (i) is a maximum or minimum, and that the 
values of the function F at equal distances on each ade 
of the maximum or minitnum value are equal. Hence also 
F'(F)=0, and the equation (2) is satisfied. But besides this 
we must have 

F'" (0 = 0, /" (0 = 0, &c. 

That is, the same value of x which makes F (or) a ma^timum 
or minimum, makes all the odd differential coeflicientB dis- 
appear. This condition immediately conducts us to a trigfr 
nometrical function, and the simplest that presents itself it 
y^msina;, which satisfies all the required conditions. TIk 
only other mode in which any of the equations (l), (2), (S), tit- 
may be identically satisfied, is by making f the same as —F. 
This supposition verifies at once (2), (4), (6), &c. and (o) 
becomes 

F(l + !s) + F(l-x) = o, or F (I + x)=-F(l-z). 

This being true whatever be «, shews, by making a = 0, thsl 
F(l) = 0, and equation (I) is satisfied. But we must al» 
have F"{1) = 0, F" (l) = 0, &c. We have therefore to find 
a curve, such that the same value of a/ which makes y=0, 
causes all the even differential coefficients to disappear, and 
so disposed about a point at which it cuts the axis, ^ 
the ordinates at equal distances on each side of this point 
shall be equal with opposite signs. These conditions ml 
be fulfilled in the same equation y=m sin j;. Moreover the 
required conditions are satisfied in the most general mannfT 
by y = m sinj7 + m' sin3.r+JM" sinSa^ + kc. on account of the 
unlimited number of terms. But, as we have seen, this 
equation points out a motion which is the residtant of a great 
number of motions of tlie kind indicated hy y = m sin j:. Tills 
last may therefore be called the primary form of the arbitral}' 
function, and is that which it was required to find. Lei X 
be the common distance between the points at which tl* ' 

curve cuts the axis: then y = '"^ sin——. 
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Before entering upon the consideration of the vibrations 
of the column of air in a stop-pipe, let us consider generally 
the mode in which a series of aerial waves are reflected. 
Conceive two motions exactly alike to be propagated in 
opposite directions along a cylindrical tube. There must 
be a point at which the velocities are the same and in the 
same order, in virtue of the two propagations, but in opposite 
directions. At this point therefore the particles will be at 
rest. The motion will in no respect be changed, if an in- 
definitely thin rigid partition be placed at right angles to 
the axis of the tube just where the particles are stationary. 
The fluid will be divided into two separate columns in each 
of which the motions will be the same as before. But plainly 
the particles in one column cannot be affected by a disturbance 
^made in the other. Hence the effect of such disturbance is 
supplied by reflection at the partition. 1% thus appears that 
the obstacle gives rise to a series of reflected waves exactly 
like the incident waves, and that the particles in contact 
with the reflecting body do not move. 

Suppose now a series of waves of the primary type to 
be generated in the manner we have before mentioned, at 
the open end A (Fig. 71.) of a tube closed at S, and to be 
propagated from A towards B. At B they will be reflected, 
will return to J, and there issue out into the circumambient 
fluid. After reflection two waves, whose types are eft, c'ft', 
exactly equal, will meet, and in consequence at some point 
m the velocity will be always equal to 0. Let t be reckoned 
from the time at which c and c were simultaneously at m. 
Then cm = a^; and if f»2> = ^, pq^y, 

y r= m\ sin ~ (a? + at). 

A 



Also if pr=y\ y=m\ sin- (at-^a;). 

A 

Hence v = y-^y'ss m\ (sin-.^ + a^ + sin - . a? — at) 
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= 2m\ sm — cos -- — , 
A \ 

sin — (a?+o^)— sin — (a?— a^) J 

= 2mA cos — sm-— . 

A A 

As the particljBs at the closed end must nec^^^orily be at 
rest, we may reckon w from B towards A> and date from 
an instant at which the condensation at B is 0. Thep v will 
always = where w ^ n\j and as will always ^ Q where 
w=^{n + ^) X. The poipts obtained by putting »=0, 1, 3, 3, h^ 
are in the first case called nodes, ip the other, loops. !E!xperi^nce 
shews that when a musical note is sounded, the density of the 
fluid at ^ is always the mean. This will t£^ke place if A 
be the position of a loop. Hepce if AB = h we inu^t have 

l=z(n-{'-k)Xy or \ = . Let « = 0, then \ = 2/. In 

^ ^^ 2W+1 

this case the lowest note, the fundamental note, is sounded. 
If we call it 1, the others may be called 3, 5, 7, &c. being 
inversely as \ the breadth of a wave. It is found in fact 
that 1, 3, 5, &c. are the only notes that can be soundedi 
If we suppose the end S to be removed, and the tube to 
be prolonged to A\ so that BA' ^BA, the wave instead of 
being reflected at B will go on to A\ and pass out there just 
as in the other xase it passed out at A. Hence the distur- 
bance being the same, the note of a tube open at both ends 
is the same as that of a tube of half the length closed at one 
end: — an inference which experiment confirms. It is found 
that the series of notes is 1, 2, 3, 4, &c. or that they are 
such that the breadth X of a wave is an aliquot part of the 
length of the tube. The reason of this fact is not satisfac- 
torily understood, but probably may be traced to the vibra- 
tions of the tube itself, which would conspire with waves 
of this series, and interfere with any other. 
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ON THB GENERAL EQUATION* Art. 132. 

If we take the line along which the integration (A), 
Article 131 is to be made, always in the direction of the 
motion of the particles through which it passes or in the 
opposite direction; the quantities do?, dy, d%, taken (ac- 
cording to the conditions of equation A) froi|a one point in 
space to another, are equivalent to + do?, + dy, ± d% taken 
ill rrference to the motiim of each particle. Now dw^ dy^ dx 
being thus taken y (0 da? -f^'dy + 0"da?) is shown Art. 156.) 

to be equivalent to / — ds; * 



/dv 



«*. 



Syppose the motion to be uniform, and the line of particles 
taken as above to occupy the path of a given particle /m.^ 
Now the integral is to be taken at a given time^ from one 
point to another in this line, and with respect to the different 
particles of it. But, on the assumed hypothesis of uniform 
motion, the integral thus taken, is the same as though it 
were taken with regard to the scume particle /i, when at 

♦ This result may be deduced at oncse by cdnddeHng the whole 
fl^id mass (held in equilibrium by the application of the forces lost) 
to becomd solid^ excepting only a line of {^articles taken as above^ 
of whose length ds is an eleinent. 

flu 
V representing the velocity in magnitude and direction^ -^ tirill\ 

Utt&r fevisry dircumstance represent the accelerating &rce> abo in 
magiiitude ' and < direction. The equation is therefore perfectLyr 
geherai. 
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different times it occupies the different points in its path. 

The integral I -i- ds therefore, in fact, represents the sum 

of the effective accelerating forces on the particle /a at the 
different periods of its motion, each multiplied by a cor- 
responding element ds of the space it describes. 

V and s are both functions of tj and therefore of one 
another ; 

dv dv ds dv pdv /* dv ^ ^ , , - 

dt ds dt ds J dt J ds ^ ^ 

.\ p:=z P + ^Dtj« + a 

The ambiguous sign is manifestly introduced in passing from 
the conditions of tbe equilibrium to those of the motion. 

According to the above theory the negative sign should 
be replaced by the sign + in equation («), Art. 206. 



Note on Article 156. The quantities dof, dy^ dx are 
assumed in this Article to have reference to the motion of 
the fluid, as explained in Article 132. 



APPENDIX' (C.) 

ON THE EFFLUX OF FLUIDS. 

Let a fluid be supposed to flow through an aparture 
of finite dimensions, in the base of a vessel, towards which 
its sides contract, and let us consider the descent of an ele- 
ment contained at any given tiifie by two horizontal sections 
of the fluid. 

Since in being made to occupy a lower position in the 
vessel, the element is reduced in magnitude, it is clear that 
a portion of the fluid it contains is extruded from it in iti 
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descent, and left to occupy a higher position in the vessel. 
The particles among which the velocity of descent is thus 
partially destroyed (and which manifestly occur towards the 
extremity of each section) being thus forced amongst those 
of the immediately superior section, a still further disturbance 
and deflexion is the result. And thus towards the boundary 
of every section similarly taken in the fluid, a retardation 
is produced, at once by the continual contraction of its di- 
mensions, and the partial quiescence of the inferior fluid, 

And further it is evident that the particles at any given 
time occupying a given section of the fluid, will in their 
further descent form themselves into a curved surface, whose 
curvature is continually variable with the time. 

In contact therefore with the sides of the vessel, there 
is formed a fluid mass in which motion is partly or wholly 
destroyed; and, if there be any portion of the fluid in 
which the hypothesis of continual descent in the same hori- 
zontal section obtains, it is bounded by a surface other 
than that of the sides of the vessel. It would seem that 
such a portion of fluid exists near the axis of the aperture 
presenting a slender column, whose section varies as the 
squares of the radii of curvature, at the vertices of the sur- 
faces into which the descending sections of the fluid suc- 
cessively form themselves. This column is clearly bounded 
by a. surface variable in form with the time. The following 
experiments confirm the observations wc have made above. 

Experiment i. If into a prismatic vessel containing a fluid 
which escapes through a small aperture in its base ; there 
be thrown minute particles whose specific gravity is some- 
what greater than that of the fluid ; they will be observed * 
to descend vertically until they reach within three radii 
of the aperture; after which they will converge from every 
side towards it, describing curved lines manifestly convex 
to the axis of the vessel. Thus the moving fluid will form 
in the vicinity of the aperture a conoid rapidly converging 
to it, and having the section of the vessel for its superior base, 
and three radii of the aperture for its height. This conoid 
is called the gorge. The small quantity of fluid surrounding 
2N 
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the gorge remains stagnant near the bottom of the vessel. 
The tendency of all particles towa-ds the aperture bj a 
conoidal funnel is equally apparent, whether it be made in 
the bottom or the sides of the vessel. 

Eirperimeni 2. If there be poured on the surface of the 
fluid a stratum of oil or other coloured liquid of a. less specific 
gravity than itself; so soon as that stratum has reached within 
the distance of three radii of the aperture, the coloured liquiil 
will force its way through the fluid to reacli it, and the gorge 
will be clearly seen converging to the aperture, and convex 
to the axis of the vessel. 

Earperiment 3. When the aperture is made in a thin 
Substance, the particles preserve during a short space after 
tbey have passed it, the oblique and converging direction 
in which they approached it. The jet is thus rapidly wb- 
tracted near its commencement, and there is formed ootsi^ 
of the vessel a second conoid which may be considered a 
continuation of that within it. 

This external conoid is called the vena coniracta, and 
its extreme or least section, the section of the vena contraeta. 

The ratio of the section of the vena contraeta to thil 
of the apertiue is represented in all cases by the quantitj 
0.625. 

It is clear that the vena contraeta will produce the Bame 

^H variation in the efflux as though it formed a contisuatioa of 

^^k the vessel itself, and that the efflux does in fact take place 

^H at its extreme section. In all those formal^ into which thew 

^H enters the symbol k, representing the section of the apertuM 

^H at which the efflux takes place, it must be luiderstoid 

^H thfft it does not represent the section of the aperture 

^V m the vessel, but that section multiplied by the dedmai 

^M 0,695. Where the motion takes place from one fluid into 

^H another, as in the case of communicating vessels, the fatio 

^M of the section of the vena contraeta to that of the apertuK 

^1 is no longer the same. It has not as yet been ascertain^. 
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To determine the eurfaces of equal pressure in a moving 
fluid. 

We have if the motion be uniform, 

^jjr — ^«* = constiMit. 

Admitting the hypothesis of parallel sections, and conceiving 
the interior surface of the vessel to be symmetrical about a 
vertical axis which passes through tlie aperture, and such 
that all its horizontal sections inay be similar, we shall have 
fcNT the equation to any section through the axis of a vessel 
of equal pressiure. 

The above is the equation to an hjrperbolic curve of the 
fourth order between the asymptotes. 

The vena oontmcita is evidently a surface of equal piresk 
sure. 



APPENDIX (D). 

ON THE RBSISTANCE OF PLVIDS* 

In the theory of resistance given in Artide 171j no ac- 
count is taken of that variation in the pressure which results 
from the disturhwnce at the posterior surface of the plane. 
This hypothesis, which is that usuaUy adopted, is erroneous. 
A variation is manifestly produced in the pressure of the 
fluid, as well by the motion behind as by that before the plane. 

Let the plane ofy be taken beneath the fluid, then adopting 
Ae notation of Art. 192, and considering the motion ot a 
partide from the point where the disturbance commienieei^, to 
Ate anterior surface of the plane; we have, since the lnoti<^ 

tends to increase the co-ordinates, 

'■■a 
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Again, considering the motion of a particle from the pcnnl 
where the disturbance terminates to the posterior surface, *e 
have, since the motion tends to diminish the co-ordinates, ^ 

Subtracting these equations, 

j',-p„=-^-»(«.-O + -0«*-i^(«,'-O' 

2ji,*i- 2p„y= -gD^ («,-«„) M+»S«V-i/>2 (»; - 

Now the integral — ^^2 («, — s^^,) //, taken with regard to 
that portion of the plane, both surfaces of which lie beneath 
the surface of the fluid, evidently = 0, and taken with regard 

to the remainder, it is shown, Art. 193, to etiual . 

If therefore we assume the velocity of the fluid in cotUad 
with the plane, to be, on both sides of it the same (or i>,=ej, 
we shall have for the whole pressure, (Ep^w — 2p„/i), tendiag 
to produce motion, 
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Throughout this theory of resistance we have supposed each 
particle of fluid to lose its velocity on coming in contact 
with the anterior surface, and to re-acquire it by a continuil 
acceleration on the opposite side of the plane. 

I This seems to amount to the hypothesis, that the plane 
whilst it gradually destroyed all motion in the particles as 
they approached it, should when they came in contact with 
it, present no further obstacle to their progress, an hypothesis 
manifestly opposed to the facts of the case. The fluid brought 
in contact with the plane having lost all its velocity in the 
direction of its motion, collects in a quiescent state before 
it, and presents to the action of the current a fluid surface 
essentially different from that of the plane, and tending 
obviously to vary ihc pressure upon i(. 



The following theory is by La Grange*. Suppose a 
circular plane to be opposed transversely to the current of 
a stream, then will a conoidal mass of quiescent fluid collect 
itself before it, bounded by a correspondent hollow conoid of 
moving fluid. Suppose every portion of this last fluid to move 
with the same velocity, each transverse section of the conoidal 
shell, into which it has formed itself will then be of the same 
area. Let K represent this area, R the radius of curvature of 
any point of the curve, whose revolution generates the sur- 
face bounding of the quiescent conoid, w the perpendicular 
distance of this point from the vertew, and y its distance 
from the axis of the conoid, v the velocity of the stream. 

Now let us consider a section of the conoidal shell per- 
pendicular to its surface. The pressure exerted by each 
of the moving particles in a direction perpendicular to that 

of its motion, (i. e. the centrifugal force) is represented by — , 

and, considering the thickness of the shell as small, the whole 
pressure thus generated on an annulus of the quiescent conoid, 

is represented by — — — . Referred to an unit of surface 

It 

this becomes -: — . Now this unit of pressure is the 

RZiryda ^ 

same throughout the whole surface of the conoid, and is 

transferred through the medium of the quiescent fluid to 

each unit of the plane. If therefore, we call P the unit of 

pressure on the plane, we have 



^irRy 



Now B = - ^^ 
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• Mm. dt Turiny 1784, 1785. 
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dw\ 



.-. p.j^ « c - jr«« (^) (1), 

die 

—- 18 the cosine of the angle made by a tangent to the gene- 
rating curve with the axis of the conoid. At the vertex 
therefore this cosine equals unity. Let I'epresent this 
angle at the point, where the curve meets the plane. Now 
at the base of the conoid Piry^ represents the whole pressure 
upon the plane. Taking the integral therefore from the 
vertex of the conoid to its base, we obtain for the whole 
pressure on the plane, the expression 

jr«?2 (1 - cos 0) (2). 

From equation (l), we obtain 



/ \KJ — riry ) ay 
^rv*-{C-Pvyy ' 



By the integration of which expression the nature of the 
generating curve will be determined. 



APPENDIX (E). 

On the Note to Art. 125. 

Since the temperature diminishes in' arithmetical pro- 
gression as the altitude increases in arithmetical progression; 
it is clear that the corresponding variations of the temperature 
and altitude are to one another in a constant ratio ; 



i\^af){a^%fj {l+a(<^-C)r)}(a + jr)' 

/(I — a^+Co«)di^ , 
P — ' — r^ — ^ — nearly; 

.'. &c.., 8cc. 

The above method is evid^itly preferable to that given in 
the commencement of the note. 



APPENDIX (F). 

On Art. 206. 
By Art. 156. we have 






V being the velocity of any particle, and d% the space it 
describes; and the integral being taken along an irregular 
line, drawn continually in the direction of the motion of the 
particles through which it passes, or in the opposite direction. 

Now, V varies by reason of the increment dt in time, 
of the motion of the particle whose velocity it represents, 
and the variation ds of its position in space; 

''' dt''\di) "*" Kds) dt 
(dV\ „/dV\ 

■••/f-=/(^)-+/''C^)- 

■dV 



-m^-f^'" 



"/Q-^i- 
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The constant, which is a function of t, being supposed to 
be included in the integral / ("j")*^*- On the whole we 
have, therefore. 

In the integral + / (t")^*> + ^* represents the 

elementary spade actually described by any particle of the 
line along which the integration is made; and the sign + 
is taken according as that motion is in the direction in which 
the line is measured, or in the opposite direction. If we 
alter the hypothesis, and suppose d« to be an element of 
the line itself, the ambiguous sign will disappear, since ds, 
wiU in this case, become essentially positive. We shall thus 
obtain 

Adopting the notation of Art. 206, 
and differentiating with respect to t, 

. >Q-»(S)-(r:)-(^)' 

I 

da /dV\ ^dw /du\ dy /dv\ dx /dw\ 
' ' di \dt) ^ It \di) "*■ Tt \di) "*" Tt \dt) " 

J 



= d (~\ by Art. 206; 



■■fay-m- 



■■■p=p-Di^)^iDy^ 
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which agrees with equation (e)y Art. 206, except that the 
last term is not there affected by the ambigtwus sign. The 
introduction of this sign involves a question of some difficulty 
and of very considerable importance. It is opposed to the 
theory of D' Alembert, and to the exposition of that theory given 
in Chap. vii. : under these circumstances he is most anxious 
to show that the innovation has not been made lightly or 
inadvertently. 

It may perhaps put the subject in a clearer light to 
consider the equation A, Art. 13.1, in its original form without 
substituting (in the beginning of the operation) for d^, dy, d« 
which are there supposed to be taken from one point in space 
to another, their equivalents +dw^ ±^y> ±dx which re- 
present the elementary motions of a given particle. 

From the equation in its original form, we shall obtain 
precisely as before 



= P-2)/ 



dV 

-—— ds, 
dt 



^, dV /dV\ ^,/dV\ 

Now -— = (-r-i H- V l^-) 

dt \dt) \ds) 



ds)' 

Where the differentiation is made with reference to the in- 
crement of time dt^ and the variation of position ds ; ds 
here then represents an element of the motion of a particle 
in the line along which the integration is made, and the 

partial differential coefficient (-7—) is taken on this hypothesis. 

But in the integral / -j- ds^ ds represents an element (not 

«y dt 

of the motion, but) of the line of integration. 

^^ t/'^("T")^*' ("TT ) ^^P'^sents therefore, the partial 

20 
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di£Perential coefficient of V with respect to the space described 
by a given particle, whilst ds represents, not an element of 
that space, but a given positive element of the line itself. 

In the present form of the expression, the integration 
cannot therefore be effected. To complete it, we must sub- 
stitute for the element of the line ds^ its equivalent, the 
element of the motion + ds\ and we shall thus have 

/''(37)(±'") = ±/<57)'" = ±*'"= 

.•.P = P-Z)/(l?)i.TiZ>F>. 

It may here be as well to observe, that the pressure 
on any point of a moving fiuid^ i% not necessarily the 
same in every direction. 



vk 



APPENDIX (G). 

Note on Art. 157« 
In this Article v and k are functions of ^; differentiadng 
with respect to ty we therefore, in fact, differentiate Ae 

K 

velocity v generally; and -- represents, as it ought, not the 

at 

partial differential coefficient of v with respect to t, but simply 
the limiting ratio of the increments of v and t. 
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